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Abstract
An investigation is described into the thermodynamic modelling of aqueous elec-
trolyte solutions. Solutions relevant to environment and industry are emphasised.
Computational facilities are described that automate the processing of physicochem-
ical property data. Various computer models for predicting the thermodynamic
quantities of aqueous solutions are developed. Used together these facilities allow
data to be assessed and harmonised in a more effective manner than existing meth-
ods. Considerable attention is paid to the popular Pitzer theoretical framework but
other frameworks are also studied, especially the application of so-called ‘mixing
rules’ to describe multicomponent solutions from the properties of their individual
solute components.
The thermodynamic properties of strong electrolyte solutions under ambient condi-
tions are well described by Pitzer equations provided a sufficient number of accurate
data are available. However, extending the pressure and temperature ranges reveals
fundamental limitations. Gaps or large errors (which are inevitable over large dimen-
sional spaces) cause unrealistic extrapolations and other problems requiring human
intervention (e.g., highly specific and subjective judgements) to redress. Objective
and robust automated modelling based on the Pitzer equations is thus precluded.
Accordingly, a selection of possible alternative theoretical frameworks are investi-
gated. One, based on the Hu¨ckel equation for activity coefficients, has fewer em-
pirical parameters than the corresponding Pitzer equation and its extrapolations of
the apparent molar volumes and heat capacities to infinite dilution, performed for
the first time in this work, are more robust. However, its correlation of activity
coefficients is correspondingly less accurate.
Different mixing rules for density, heat capacity and water activity are compared
with one another. These comparisons show that various rules give essentially equiv-
alent property predictions for a range of ternary systems.
Contrasted with experimental osmotic coefficients, predictions from Zdanovskii’s
rule are often within assessed experimental uncertainty, which can be up to an
order-of-magnitude worse than that claimed by investigators.
Simple mixing rules, like those of Zdanovskii, therefore appear to offer advantages for
future model development of multicomponent aqueous strong electrolyte solutions.
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Chapter 1
Introduction
Aqueous electrolyte solutions play an important role in many scientific fields includ-
ing those covering natural processes — e.g., biology, geology, oceanography, atmo-
spheric science — and also industrial processes such as power generation, hydromet-
allurgy and oil recovery [92ScS]. Often, the solution composition is dominated by
simple electrolytes [93Pit], in particular the chloride and sulfate salts of sodium and
magnesium. However, real systems of interest are almost always multicomponent
mixtures and the interactions between minor components and the dominant solutes
may have a significant effect on the thermodynamics of the solution [11KBM].
Thermodynamic studies of electrolyte solutions have been ongoing for many years.
A diversity of pressure and temperature ranges occur in both natural and industrial
contexts, so that the thermodynamic properties of electrolyte solutions also have
significant practical interest across a wide variety of conditions [93Pit]. However,
the majority of thermodynamic measurements have been performed only under am-
bient conditions. Furthermore, despite the widespread interest in solutions having
many components, reliable data for mixed electrolyte solutions are lacking [11Voi].
This has severely hindered progress to develop theoretical frameworks describing
electrolyte solution thermodynamics.
Accordingly, the objective of this thesis is to investigate methods for characterising
simple electrolyte solutions over a wide range of concentration, temperature and
pressure, and to assess these characterisations in the context of determining the
thermodynamic behaviour of mixtures of dissolved substances.
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1.1 The importance of thermodynamic aqueous
solution modelling
Since multicomponent electrolyte solutions are encountered in a very large number
of areas of industrial and environmental importance, an exhaustive survey of the
whole field is beyond the scope of this work. However, there are numerous applica-
tions which employ thermodynamic modelling of aqueous electrolyte solutions which
illustrate the relevance of the problem addressed by this thesis.
1.1.1 Natural waters
The diversity of natural waters is immense [91ClW]. Rainwater may contain mere
milligrams of dissolved ions per kilogram, while one kilogram of deep-seated ground-
water or hypersaline lakewater (such as from the Dead Sea) may contain hundreds
of grams of dissolved salts. With such wide-ranging changes in concentration, the
chemical equilibria established in waters from different sources evidently varies sub-
stantially [96Byr]. Although the global composition of seawater is generally remark-
ably uniform [91ClW, 00PiM], differences in a number of factors such as the rate
of supply of oxygen, the presence of organic matter and the types of rock or miner-
als subject to weathering mean that lakes, rivers and groundwaters exhibit distinct
characteristic compositions.
In considering this diversity of chemistry, there are three key issues which need to
be addressed for the purpose of this thesis. First, there are the above-mentioned
wide ranges of electrolyte concentration. They can cause some dramatic changes
in the relevant solution equilibria, leading to so-called ‘end points’, which are in
general difficult to treat computationally. Second, there are inadequacies of theory,
particularly in solutions with high electrolyte concentrations [86ZCR]. Third, there
is considerable complexity involved in dealing with the thermodynamics of any mul-
ticomponent system, especially when temperature and pressure can change, because
of the high dimensionality of the necessary mathematics. The latter two of these
issues are of specific relevance to the present work.
Atmospheric aerosol solutions
Rainwater is the purest water in nature [91ClW]. However, highly concentrated
aerosol solutions — some even in states of supersaturation — are typical under
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conditions of low humidity [97CBL]. Moreover, the dissolution of carbon dioxide gas,
CO2(g), along with oxides of sulfur and nitrogen can lead to significant acidification.
Decreases of 2 or more pH units compared to pure water are common, especially in
industrial areas [82ChR]. In turn, rivers and lakes [79LWG] and soils [06LLT] tend to
become acidified. Accurate thermodynamic modelling of the complex chemistry in
aerosol solutions, such as the influence of reduced sulfur and nitrous oxide emissions
on the rainwater pH, can help address such issues, e.g., by determining targets for
pollution control schemes [05ChM].
Seawater
The problem of characterising the thermodynamics of seawater has attracted consid-
erable interest recently. Increasing levels of atmospheric CO2(g) since the industrial
revolution have resulted in an increased uptake of carbon dioxide, CO2, in seawa-
ter. Dissolved CO2 reacts in water to form carbonic acid. The acidification of the
ocean is a looming problem that seems likely to affect biological ecosystems glob-
ally [05OFA]. For example, the concentration of (biologically toxic) free copper
will increase as the ocean acidifies [09MWD]. Estimating the probable longevity
and severity of the impact requires reliable thermodynamic information about the
complex chemistry of seawater, including changes in composition and pH.
Densely populated and agricultural areas with low rainfall are increasingly making
use of desalination to create potable water [07McE]. Desalination is an energy-
intensive technology. Further, following the desalination process, concentrated brine
is released back into the ocean, which can disrupt biological ecosystems [05MME].
Accordingly, thermodynamic modelling of the properties of seawater to optimise
the desalination process [07McE] — with subsequent savings in time and energy —
and to estimate the environmental impact of brine discharge streams, is a matter of
concern both scientifically and industrially [93Bal].
Geothermal fluids
Geothermal fluids are used for power generation and heating. Modern geothermal
power plants typically utilise two wells: a production well for the capture of hot
vapour or liquid rising from underground and an injection well for returning the
condensed fluids back into the geothermal reservoir. As the fluids travel up the
production well and begin to cool, amorphous silica tends to solidify in the pipes
and other equipment [03IMO], reducing power plant efficiency [85Dip, 98MGW].
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Chemical equilibrium calculations are thus needed by power plant designers to as-
sess the economic viability of geothermal power plants, based on the temperature
and composition of the geothermal reservoir. The comprehensive work of DiPippo
examines the role of chemical thermodynamics on all stages of geothermal power
production, from exploratory drilling to the generation of power [08Dip].
Geothermal fluids can also be rich sources of valuable metals, including silver, gold,
platinum and palladium (e.g., [92GBY]). Added revenue from the recovery of these
metals from the geothermal fluids could make the cost of geothermal power more
competitive compared with other energy sources [98Gal].
1.1.2 Industrial solutions
Many different types of electrolyte solutions are industrially significant, including
mining leachates, oilfield brines and seawater (see above). Treatment and disposal
of waste solutions is also necessary, which may involve chemical or biological pro-
cesses. For radioactive wastes, long-term containment in geologic repositories is the
preferred management strategy [04DOE].
Industrial solutions are also significant within another context: the cleanup of spills
or other incidences where processing fluids — often highly concentrated and toxic
— make their way into the environment. For example, a cyanide containment dam
burst into the Tisza River in Romania (a tributary of the Danube) in January 2000
[00NYT], and the wall of a red mud (caustic waste-product generated during alumina
processing) reservoir in Hungary collapsed in October 2010, flooding a number of
towns [10NYT]. Another recent example is the release of radioactive material from
the Fukushima Daiichi nuclear power plant in March 2011 [12EwM, 12GrP]. Proper
understanding of how such contaminated systems are likely to impact on surrounding
flora and fauna requires a detailed knowledge of the aqueous solutions formed, and
consequently, the likely bioavailability of potentially toxic species [96StM, Ch. 10.5].
1.1.2.1 Hydrometallurgy
Gold extraction
Gold is one of the least reactive metals, only dissolving in oxidising solutions in
the presence of particular ligands [93MaH]. In particular, gold can be selectively
extracted from solution owing to the formation of a stable complex with cyanide
[93MaH] (which can be ultimately recovered by passing the solution through charcoal
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[98KoC]). However, since the cyanide ligand also binds strongly to silver and iron
(and somewhat less strongly to other metals) [06BaC], separation is key to the gold
mining industry and thermodynamic calculations are seen as important [91HeM].
Depending on the type of ore, gold extraction may involve a number of hydromet-
allurgical processes, including pH modification, leaching and precipitation [93MaH].
Thermodynamic characterisation of the complicated leach solutions can improve
efficiency and reduce costs. The availability of free cyanide for gold dissolution de-
creases due to volatilisation of hydrogen cyanide, competitive reactions with other
metals and degradation reactions forming non-complexing cyanide species (such as
cyanate) [93MaH]. Balancing these factors allows the consumption of the reagent to
be minimised. Consequently, better modelling enables process optimisation and thus
enhances the economic viability of gold extraction from lower grade ore materials.
Alumina refining
By mass, aluminium is the most abundant metal in the Earth’s crust. It is a highly
reactive metal, occurring naturally almost exclusively in minerals. Most aluminium
production begins with bauxite ore. In the Bayer process, bauxite is digested in a
hot, alkaline solution [09KHM] from which pure gibbsite, Al(OH)3(s), is precipitated.
Finally, the gibbsite is roasted to produce alumina, Al2O3(s), the starting material
for production of aluminium via electrolysis.
Bauxite ore contains many impurities including iron, silicates, sulfates and organic
matter. As the caustic solution is circulated in the Bayer processing plant, minor
ore contaminants can become concentrated in the multicomponent solution. If the
contaminants are left in solution, scale minerals tend to form in the plant equipment.
Removal of scale is a costly process which affects overall plant efficiency. Accurate
thermodynamic modelling of the concentrated solutions would allow the conditions
that facilitate scale formation to be better understood and managed. However,
the chemical data needed to inform current modelling efforts are lacking: not only
must the major constituents be characterised over wide ranges of temperature, the
numerous solids which can be formed from the organic and inorganic impurities
must also be considered [07KHM].
Nickel laterite leaching with sulfuric acid
The composition of nickel laterite deposits is quite variable (even within the same
region) [08McW]. The ores are low-grade, with nickel content less than 3 per cent
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[98BaP]. Iron, aluminium, magnesium, manganese, chromium and silicon impurities
may all be present [00RuP], along with economically-recoverable quantities of cobalt.
Hydrometallurgical processing of laterite ore involves leaching in sulfuric acid at
high temperatures [04HPZ]. In some leaching processes, chloride or fluoride salts are
added to the multicomponent mixture to precipitate iron and silicates respectively
[08McW]. Typically, leach solutions have electrolyte concentrations ranging from
(0.5 to 3.0) moles per kilogram of water [98BaP] and contain dozens of electrolyte
components in complex chemical equilibria.
Wide ranges of temperature, composition and pH are encountered in the leach-
ing process and subsequent refinement. With such complicated chemical processes
involved, and because the available data are inadequate, the thermodynamic charac-
terisation of nickel laterite solutions is frequently simplified (e.g., [98BaP]). However,
accurate thermodynamic models can save energy and money [92Rar2]. In particular,
the amount (and cost) of sulfuric acid reactant can be reduced if iron is removed
from the leach solution in the form of hematite, Fe2O3(s). This process is especially
favourable at high temperatures. Accordingly, it stands to reason that thermody-
namic modelling might be employed to reach an optimal balance between the costs
of energy usage and the costs of chemical reagents.
1.1.2.2 Waste treatment
Cyanide waste
Not all discharges of cyanide into the environment are necessarily toxic. Cyanide
generically describes any compound containing the characteristic group−C≡N [99Kje].
While the free cyanide ion (CN−) is highly toxic, other forms of cyanide in the en-
vironment are relatively benign, such as thiocyanates (SCN−) and cyano-metallic
complexes [06BaC]. However, toxic free cyanide could be released, for example into
groundwater, if the less-toxic complexes decompose [99Kje].
Although cyanide does occur naturally in the environment [06BaC], there are also
a number of anthropogenic sources. The largest contributions to cyanide pollution
come from gold mining (Section 1.1.2.1) and manufactured gas work sites. At gas
work sites, the cyanide impurities are removed from the natural gas using iron ore
[99Kje] which is then used as land-fill. Cyanide contamination is also associated
with electroplating factories and cyanide-treated road salts.
The environmental hazard posed by cyanide wastes depends crucially on both the
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exact form of cyanide present and its long-term stability [99Kje]. The environmen-
tal impact, economic costs and treatment of cyanide contamination — including
by chemical and microorganic processes — are reviewed in the works by Duffield,
May and Lindbeck [98DML], Korte and Coulston [98KoC] and Akcil and Mudder
[03AkM].
Nuclear waste
Nuclear waste management represents a particularly serious challenge for thermo-
dynamic modelling [88PHS]. First, very large volumes of waste must be safely
contained. Second, the waste must be securely held over geological timescales1.
One strategy for reducing the volume of waste requiring storage is to selectively
remove non-radioactive components. Many nuclear waste solutions contain large
amounts of sodium. Removal of this material both reduces waste volume and recov-
ers commercially-valuable sodium hydroxide [99BLZ].
Nuclear waste is stored underground in geologically stable regions. The underground
storage sites are designed to contain the waste for at least 10,000 years. These long
timescales pose serious challenges for modelling the evolving solution properties and
require particularly reliable thermodynamic data [92GRT, 99KaR]. Unfortunately,
data for the radioactive actinide elements are scarce at 25 ◦C, and their properties are
virtually uncharacterised at elevated temperatures [01LFN, 03GFF, 04RSG]. This is
particularly troublesome because the release of radiation from the wastes may cause
significant heating [04RSG]. For this reason, much effort has been directed toward
modelling the propagation of uncertainties in thermodynamic parameters on the
properties of waste solutions [96EkE, 01EkE], e.g., solubility. Many of the difficulties
associated with the modelling of nuclear waste and pertinent to the current research
are reviewed by Dozol and Hagemann [93DoH].
1For example, 237Np has a radioactive half-life greater than 1 million years [99KaR].
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1.2 Issues with modelling multicomponent elec-
trolyte solutions
1.2.1 The problem
In each of the above examples of important applications requiring thermodynamic
characterisation, the systems are inherently multicomponent in nature. For exam-
ple, although seawater is predominantly composed of sodium chloride salt, there
are significant amounts of other ions including magnesium, calcium and sulfate
[91ClW] that affect the properties of seawater in a profound manner [93Bal]. Simi-
larly, Bayer liquors comprise aluminate and caustic solvent together with numerous
(lower-level) impurities such as sulfate, fluoride, silicates and organic components
[98ZSA, 11KBM]. These minor components interact in a multitude of ways to affect
the important physicochemical properties of the solutions, e.g., pH and solubil-
ity [92Rar], density, heat capacity and viscosity [11KBM] and thermal expansion
[00PiM].
The dominant interactions between the ions in solution occur between oppositely
charged ion pairs and depend, in general, on their relative concentrations. The
strength of the interaction varies depending on the nature of the cation and the an-
ion — so-called specific interactions [22Bro]. For this reason, different electrolytes
(having different interactions between component ions) display individual charac-
teristic behaviours, even in binary aqueous solution.
Multicomponent electrolyte solutions are more complicated still. In concentrated
mixtures, ions come into close proximity and interactions between three ions become
increasingly important [91Pit]. The most direct way to estimate the magnitude of
these ternary interactions comes from experimental characterisation of the relevant
two-salt plus water (ternary) systems. Unfortunately, there are many possible rel-
evant ternary mixtures2 but few experimental data [11Voi]. While a fairly large
number of binary electrolyte solutions have been studied under non-ambient condi-
tions, the situation is not as satisfactory regarding mixtures of electrolytes. Most
ternary solution data are confined to 25 ◦C and, frequently, the poor accuracy of the
data makes determination of meaningful interaction parameters difficult [89Mon].
The general state of multicomponent solution experimental knowledge is unlikely to
improve rapidly. Since such a wide range of applications and conditions must be
covered, the measurement of the experimental data can never be complete, and the-
2For example, 28 cations and 16 anions can form 9408 ternary electrolyte sub-systems [11Voi].
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oretical methods are clearly needed to predict multicomponent electrolyte solution
properties.
Accordingly, a major theme of this work is the prediction of multicomponent solu-
tion properties using mixing rules. Throughout this work, prediction refers to the
estimation of solution property values without prior benefit of data measured under
the conditions of interest. This is to be contrasted with correlation, in which fitting
functions are parameterised to yield agreement with observed values.
For present purposes, a working definition of the term ‘mixing rule’ is required. This
is not straightforward, since mixing rules tend to fall outside the scope of traditional
chemistry texts. Here, mixing rules are described as ‘mathematical prescriptions for
the calculation of mixture properties from independently determined properties of
defined binary solutions’. Examples of mixing rules include Raoult’s law [21Hil],
Young’s rule [54YoS], Harned’s rule [58HaO, p. 602] and Zdanovskii’s rule [36Zda].
Some mixing rules feature adjustable parameters that represent the deviation be-
tween predicted and observed behaviour. However, many mixing rules can be cast
in a form that predicts mixture properties using only information about the binary
sub-systems [95Mil]; in other words, no ternary parameters are required. Not only
does this mean that the overall system behaviour can be represented with fewer
(intercorrelated) parameters, but also that the requirement for experimental data
will be much less. Indeed, if reliable mixing rules can be established, only the binary
aqueous electrolyte solution properties are required. Fortunately, the data coverage
for binary solutions is much greater than for mixed systems. Many of the major sea-
salts and other halide and sulfate salts have already received considerable attention
in the chemical literature, even at super-ambient conditions (Chapter 4), and many
of their physicochemical properties are well established up to high concentrations.
1.2.2 The present investigation
A survey of the background literature identifies three specific problems: (a) the lack
of a fundamental theory that can represent the existing experimental data for binary
and mixed electrolyte solutions to within its uncertainty over the range (0 to 300)
◦C and concentrations greater than approximately 0.1 mol kg−1; (b) the tendency of
individual researchers to develop their own tailor-made models for specific datasets,
these then being incompatible with the models of other experts; and (c) the lack
of automated procedures for processing the huge body of available physicochemical
property data.
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In lieu of fundamental theory, the Pitzer equations are selected for particular atten-
tion in this work as the only available theoretical framework for aqueous electrolyte
solution chemistry modelling possessing the required generality, accuracy and pop-
ularity. Semi-automated mechanisms for the processing of available binary elec-
trolyte solution physicochemical property data based on the Pitzer equations have
accordingly been developed. In particular, Pitzer equation parameters are reliably
determined from data at T = 25 ◦C and p = 1 bar.
A comprehensive analysis of the capability of the Pitzer equations reveals serious
limitations that hinder robust and objective modelling over wide ranges of tempera-
ture and pressure. Especially problematic are the extrapolations of apparent molar
volumes and heat capacities to infinite dilution when the low-concentration data are
sparse or of dubious accuracy. With the aim of making the extrapolations more ro-
bust, a less-flexible theoretical framework based on the Hu¨ckel equation for activity
coefficients is developed and tested.
Multicomponent electrolyte solutions are treated by employing the Pitzer-based bi-
nary solution characterisations applicable under ambient conditions along with ap-
propriate mixing rules. A robust algorithm is presented for obtaining the water
activity of electrolyte mixtures using Zdanovskii’s rule. This algorithm is then used
to compare Zdanovskii’s rule predictions with experimental data for more than 120
ternary strong-electrolyte solutions. Differences of up to 0.1 in osmotic coefficient
data from independent sources are shown, this being much larger than the combined
uncertainty of the individual programs of measurement.
The examination of Zdanovskii’s rule implies that it may remain practical to use
simple mixing rules to predict the properties of mixtures even if differences between
predictions and experimental measurements are observed, since the differences can
be caused by unrecognised systematic error in the measurements. It then seems apt
to compare directly different mixing rules that have been proposed in the literature to
determine whether their inherent differences are significantly greater than the typical
experimental error. Special consideration is given to mixing rules that contain no
ternary interaction parameters and that are represented by equations where the
mixture property is predicted via linear combination of the properties of the endpoint
binary solutions.
It is shown that some ternary electrolyte solutions are represented in such a way that
the common mixing rules are indistinguishable at the current level of experimental
precision.
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Chapter 2
Thermodynamics of electrolyte
solutions
This thesis begins with a review of current thermodynamic frameworks for modelling
aqueous electrolyte solutions with the objective of elucidating their various strengths
and weaknesses. The theoretical and computational developments described later
are based on this foundation.
2.1 Basic thermodynamics
Excellent treatments of electrolyte solution thermodynamics relevant to this thesis
are contained in the works of Robinson and Stokes [70RoS] and Stokes [91Sto]. The
relations necessary for this work are summarised below, but the reader is referred
to these sources for greater detail.
The Gibbs energy, G, is one of the key quantities in the treatment of chemical
equilibria. This is because, at constant temperature and pressure when equilibrium
is established, the Gibbs energy is at a minimum. Furthermore for a fixed amount
of solution of given composition, the Gibbs energy depends only on the pressure
and temperature. Consequently, an effective description of how the Gibbs energy
changes is at the crux of thermodynamic prediction for physicochemical properties
of aqueous electrolyte solutions. For any small change in the composition of the
solution, say the addition of δnj moles of component j, the Gibbs energy undergoes
a change from G(p, T, ni 6=j, nj) to G(p, T, ni 6=j, nj + δnj). If the amount of solute
added is vanishingly small, the change in energy is njµj, where µj is the chemical
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potential of component j and is given by
µj =
(
∂G
∂nj
)
p,T,ni 6=j
(2.1)
When ions are involved, the process described by equation (2.1) cannot be physically
accomplished because concentrations of individual ions cannot be varied indepen-
dently. Still, it is accepted practice to calculate these theoretical quantities for ions
on some notional basis, with the understanding that comparisons with experiment
always refer to the chemical potential of electrically neutral combinations of ionic
species.
An alternative but equivalent description of the chemical potential involves the ac-
tivity, ai, of a solution component:
µi = µ
◦
i +RT ln ai (2.2)
where µ◦i is the chemical potential of the component in a chosen standard state. On
the molality scale, the typical choice of standard state is the ‘hypothetical one-molal
solution’ with the ratio ai/mi defined as the molal activity coefficient, γi (where
γ → 1 as mi → 0). Analogous definitions hold for the molarity and mole fraction
concentration scales. As with the chemical potential, only electrically neutral com-
binations of ions have measurable activity coefficients. The measurable quantities
are known as mean ionic activity coefficients and are defined by
γ± = (γ
ν+
+ γ
ν−
− )
1/ν
where ν+ and ν− are the stoichiometric coefficients of the cation and anion respec-
tively and ν = ν+ + ν−.
Equation (2.2) is valid for each component of the solution, so the chemical potential
of the solvent (in this case water) is given by
µw = µ
◦
w +RT ln aw
The activity of pure water is defined to be unity at all temperatures and pressures.
As such, a large number of significant figures are required to report accurately the
water activity of dilute electrolyte solutions. The stoichiometric osmotic coefficient,
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φ, has a form that better reflects the departure from ideality at low concentrations:
φ = −1000 ln aw/(Mwνm) (2.3)
where Mw is the molar mass of water (18.015 g mol
−1) and the quantity νm is the
‘osmolality’ of the solution. For mixed electrolyte solutions, the osmolality is given
by
∑
k νkmk.
The activity coefficient and osmotic coefficient of a binary aqueous solution are
related by the Gibbs-Duhem equation∑
i
ni dµi = 0 (2.4)
Substitution of the relevant expressions for the chemical potential of the solute and
the solvent yields:
νm d ln(mγ±) = ν d(mφ) (2.5)
The Gibbs excess energy, Gex, is the difference between the total Gibbs energy and
the Gibbs energy of the hypothetical ‘ideal’ solution of the same composition. Using
the reference conditions in which ln γ± = 0 and φ = 1 at zero concentration of the
solute, the Gibbs excess energy of solution per kilogram of solvent, ww, is given by
Gex/ww = RT
∑
i
mi(1− φ+ ln γi)
Many experimental measurements yield so-called apparent molar quantities. Such
quantities are framed in a manner that attributes solution property changes entirely
to the solute and not at all to the solvent (for most thermodynamic properties,
this is more convenient than partial molar quantities that split the property change
over all components). Those quantities most frequently used in this work are the
apparent relative molar enthalpy φL, the apparent molar heat capacity φCp, and the
apparent molar volume φV . The necessary equations for deriving these properties
from the Gibbs excess energy for a solution containing nw mol of solvent and n1 mol
of solute are:
φL = −(1/n1)T 2 [∂(Gex/T )/∂T ]p,m (2.6)
φCp =
φC◦p + (∂
φL/∂T )p,m (2.7)
φV = φV ◦ + (1/n1)(∂Gex/∂p)T,m (2.8)
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where subscript m indicates that the composition is held constant during the deriva-
tion. The properties φC◦p and
φV ◦ refer to the hypothetical condition of infinite di-
lution (standard state): φC◦p is the value of the apparent molar heat capacity of the
solute in a single-solute electrolyte solution when the solute has zero concentration
and φV ◦ is the analogous quantity for the apparent molar volume.
The apparent molar volume is inter-convertible with the density of solution, ρ
ρ =
1000 +mM1
mφV + 1000/ρw
(2.9)
where ρw is the density of pure water at the same temperature and pressure as the
solution in g cm−3 and M1 is the molar mass of the solute in g mol−1. Other fre-
quently reported volume quantities are the specific volume (≡ 1/ρ) and the relative
density difference (≡ ρ− ρw).
Another relevant solution property measurement is the (integral) enthalpy of dilu-
tion [74FLD], which is equal to the difference between the apparent relative molar
enthalpies of solutions with concentrations mf and mi respectively (mf < mi)
∆HID =
φL(mf )− φL(mi) (2.10)
These relations describe all of the physicochemical properties involved in the present
work. To make use of all of these properties, it is necessary to incorporate the basic
thermodynamic principles given above into a consistent theoretical framework which
describes mathematically the relationships between them. Many such theoretical
frameworks have been described in the literature based on different premises. It is
therefore necessary for the purposes of this thesis to consider their various strengths
and weaknesses.
2.2 Theoretical frameworks for electrolyte solu-
tion thermodynamics
The thermodynamic modelling of electrolyte solutions posed considerable difficul-
ties for early theorists. However, a major breakthrough occurred when Debye and
Hu¨ckel derived a simple limiting law that resolved many of the issues surround-
ing the role of long-range electrostatic forces in electrolyte solutions [91Pit]. The
Debye-Hu¨ckel theory continues to be one of the only fundamental models capable of
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describing accurately the observed behaviours of most electrolytes but it applies only
to dilute aqueous solution. Typically, the Debye-Hu¨ckel theory cannot predict real
solution behaviour where the solute concentration is greater than 0.1 M ([91Pit] and
references within). Hence, other theoretical frameworks for calculating the physico-
chemical properties of aqueous electrolyte solutions at higher solute concentrations
have been proposed by numerous workers. These generally seek to extend the range
of the Debye-Hu¨ckel function to higher concentrations. The complexity and diversity
of aqueous electrolyte solutions requires that any such extended description involve
adjustable/empirical parameters [10KuT].
There are a number of objective and subjective factors to consider when gauging the
merit of the theoretical frameworks published in the literature. While the relevant
criteria for assessment will vary depending on the way the framework is intended
to be used (e.g., the need for computational efficiency within process engineering
applications), there are some characteristics of a theoretical framework that are
always desirable regardless of context:
- Small number of empirical parameters.
- Large number of thermodynamic properties correlated.
- Applicability to both weak and strong electrolytes.
- Property correlation and prediction at high temperature and pressure.
- Ease of model implementation.
These criteria provide a way to differentiate between published theoretical frame-
works for the purposes of the present work. For example, the theoretical framework
of Bromley [72Bro] features a relatively small number of empirical parameters but
does not apply to solutions of weak electrolytes [86ZCR].
Another example is the Specific Ion-interaction Theory (SIT). SIT models have been
formulated for all of the thermodynamic properties relevant to the current work
and the models have few adjustable parameters. However, SIT is inaccurate when
describing physicochemical properties of strong electrolyte solutions at moderate
concentrations, and is mainly used to model chemical speciation problems [97GPS].
Of the listed criteria, ease of model implementation is one of the more difficult to
judge objectively. Since it is impractical to implement every literature model, an
objective indicator of the implementation difficulty is helpful: it can be reasonably
assumed that the number of independent researchers using the theoretical framework
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will increase as the implementation difficulty decreases. In particular, the theoret-
ical frameworks of Mayer [45McM, 50May] and Friedman [62Fri] were for this rea-
son superseded by less-complicated semi-empirical theoretical frameworks [91EHG].
Among the well-known semi-empirical models — those of Bromley [72Bro], Meissner
[72MeT], Pitzer [73Pit] and Chen [82CBB] — Zemaitis et al. [86ZCR] found that
Pitzer’s equations (in spite of the relatively large number of parameters) are used in
the literature far more widely than the other theoretical frameworks. In fact, of the
numerous available ways to represent the thermodynamic properties of binary and
mixed electrolyte solutions, the Pitzer equations are undoubtedly the most popular
[08Mil].
In this Section the criteria set out above are used to judge the relative strengths and
limitations of different assumptions and methods employed in published theoretical
frameworks. The Pitzer theoretical framework is reviewed along with other dissimi-
lar frameworks. The reader is referred to the cited works for the defining equations
of these frameworks.
2.2.1 Pitzer
The Pitzer equations have been shown to describe accurately the thermodynamic
properties of many binary electrolyte solutions. However, it is well known that this
is not the case for all such systems: the basic Pitzer model [73Pit, 91Pit] repre-
sents only poorly electrolytes exhibiting strong interactions at low concentrations.
Some workers have attempted to extend the applicability of the Pitzer equations by
introducing chemical speciation relationships, requiring the species equilibrium con-
centrations to be calculated iteratively [74PiM]. This detracts from one of the Pitzer
frameworks greatest strengths: the speed of calculation of bulk solution properties.
Other workers have extended the original equations [73Pit] with increasing num-
bers of empirical parameters [91AnP, 99PWR]; unfortunately this thwarts general
processing of multicomponent electrolyte solutions.
The Pitzer theoretical framework has also been applied to mixtures of electrolytes
[74PiK]. For example, Harvie and Weare described mineral solubilities to within
experimental accuracy in a model seawater system [80HaW].
While the Pitzer theoretical framework is widely regarded as the most convenient
and general method for correlating the properties of binary and mixed electrolyte
solutions, it also suffers from considerable limitations including a lack of predictive
capability [11Voi] and cycling of residuals [08Mil].
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2.2.2 Goldberg
Goldberg has presented an equilibrium model for representing activity and osmotic
coefficients of associating electrolytes [84Gol]. Due to incomplete dissociation, a
series of chemical equations had to be solved in order to determine the equilibrium
state of the system. Since water was considered explicitly as a species in solution,
hydration numbers were able to be introduced into the model, in particular by being
incorporated into equilibria or attached to a solute species.
An algorithm for determining the solution equilibrium was developed, where the
logarithm of the activity coefficient of any solute species was described by the Debye-
Hu¨ckel equation or by Pitzer’s extended Debye-Hu¨ckel term. The aqueous solutions
which were investigated were chosen as “containing representative types of chemical
interactions” and included weak acids, polyprotic acids and complex-forming salts.
These systems were modelled with one or more reaction equations, with equilibrium
constants taken from the literature [84Gol].
Although both association between chemical species and hydration continue to be
viewed as important by many researchers, the Goldberg framework is too limited in
development and application to be useful in the present work.
2.2.3 Mean Spherical Approximation (MSA)
In the Debye-Hu¨ckel theory of electrolytes, solute-solute interactions are assumed
to occur between a central ion and a surrounding neutralising ionic cloud, where
the ions in the cloud are regarded as point particles. Using this assumption, the
linearised Poisson-Boltzmann equation can be solved to obtain the Debye-Hu¨ckel
limiting law (see [91MaM, p. 56] and [96SBT]). In contrast to this approach, the
MSA is the solution of the same linearised equation, but the ions in the cloud are
assumed to have a finite size [77BlH].
While numerous authors have developed MSA models — see [96SBT] for a summary
— Simonin and co-workers presented a particularly simple model1, in which both
the effective cationic radii and the solution permittivity exhibit linear concentration
dependence [96SBT, 97Sim, 98SBB]. Even though the MSA framework is more
1The Simonin/Blum model is simple relative to other MSA formulations, all of which require
the iterative solution to an implicit equation involving the screening parameter, which is a central
feature of the MSA model. Due to the complicated nature of the MSA equations, Nakhaei and
Modarress [04NaM] note that calculation of activity and osmotic coefficients using the MSA “needs
a long computational time and this is considered as a short-coming of the model for engineering
applications”.
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sophisticated than many frameworks that simply extend the Debye-Hu¨ckel theory
[92FCJ], empirical parameters are still required.
The MSA model has been shown to apply successfully to highly concentrated binary
and higher-order electrolyte mixtures. Both dissociating and associating electrolytes
have been modelled using the MSA framework. For example, a total of 47 binary
salt solutions, 27 two-salt and five three-salt mixtures could be treated as completely
dissociated [97Sim], and about 80 salts required an assumption of ion-pair associa-
tion [98SBB]. Most recently, Simonin, Bernard and Blum applied their model for
associating electrolytes to ternary electrolyte mixtures [99SBB]. More than 30 mix-
tures were taken into account, in which at least one of the components was assumed
to undergo ion-pair formation.
While each of these studies examined thermodynamic data only at 25 ◦C, only
a small number of aqueous electrolyte systems have been studied using the MSA
framework at higher temperatures. LiCl has been examined in detail [02MDP], with
particular emphasis on comparing the MSA model with the Pitzer ion interaction
model of Holmes and Mesmer [83HoM]. Mixtures of carbon dioxide and NaCl or
NaOH have also been studied over a range of temperature [03PSB]. However, ‘pure’
MSA models have now largely been superseded by hybrid frameworks involving
so-called NRTL models.
2.2.4 MSA-NRTL (Non-random two-liquid)
In work to predict the electrolyte thermodynamics in mixed-solvent solutions, a
model was developed combining aspects of the MSA theory with the NRTL theory
[02PSB]. One perceived advantage of this framework compared to Pitzer’s is that
similarly good agreement with data can be achieved using fewer adjustable param-
eters [10HeS]. However, even for solutions with a single solvent, the number of
required parameters was approximately double that needed for the MSA approach
used previously [99SBB], and further parameters were required to account for the
interactions between ions — or pairs of ions — and each solvent in mixed-solvent
systems.
More recently, the MSA-NRTL model was adapted to include hydration and associ-
ation effects [06SKK] and thermal properties [08SBP]. Hydration was included as a
result of recent renewed interest in this area; in particular, this is the focus of Zavit-
sas’ work [01Zav]. Association was included because “to our knowledge, the issue of
developing solution models capable of representing the thermodynamic properties
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together with the speciation in an associating acid solution has not been addressed
sufficiently in the literature.” [06SKK]. The thermal solution properties which were
treated using the MSA-NRTL framework included both the enthalpy and heat ca-
pacity, which were correlated simultaneously with the osmotic coefficients of several
univalent electrolytes and some nonelectrolytes [08SBP].
2.2.5 Liu, Harvey, Prausnitz (LHP)
The LHP model was based on an extended Debye-Hu¨ckel theory expression for long-
range effects and the local-composition concept for all short-range effects [89LHP].
The model was applied to activity coefficient data at 25 ◦C for six halide salts, with
the saturation molality taken as the concentration limit. The optimised parameters
in the model were the cationic radii (the anionic radii were fixed using literature
values [26Gol]), the ion-solvent interaction strengths and one specific ion interaction
parameter for each electrolyte. The size of the first coordination shell around the
ions was governed by a size constant (λ = 1.5).
This model employed a dielectric constant constructed as a function of temperature
and electrolyte concentration and based on the equation of Uematsu and Franck
[80UeF]. Activity coefficients were calculated on the mole-fraction scale; hence,
conversion to the molality scale was required for comparison with experimental
values.
Later, the LHP model was extended for application to electrolyte mixtures [89LWG].
Binary electrolyte parameters were re-optimised using a dielectric constant expres-
sion based on the mole-fraction of water in solution. Only four ternary mixtures
(each with a common cation) were examined.
In the investigation of the LHP model for a large number of electrolyte solutions
[91LiG], a total of 55 binary systems were examined comprising 1:1, 2:1 and 2:2
electrolytes. Values for the anionic radii were taken from the literature, meaning that
the cationic radii and the interaction energy parameters remained to be optimised.
In addition, unlike the previous work with this model, the size constant λ was
optimised separately for each electrolyte. As a result, two specific parameters were
required for each electrolyte, in addition to the ion-specific radii and the ion-water
interaction values. These developments undermine the practical usefulness of this
LHP framework.
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2.2.6 Helgeson-Kirkham-Flowers (HKF)
The HKF theoretical framework originated with Helgeson, Kirkham and Flowers
[81HKF] and was later revised by Tanger and Helgeson [88TaH] and Shock et al.
[92SOJ]. The HKF model employs a first-degree extension of Debye-Hu¨ckel theory,
as proposed by Hu¨ckel [25Huc], to represent activity and osmotic coefficients and
properties derived from them as functions of ‘true’ ionic strength2. The equations
of Born [20Bor] are used to describe the electrostatic contribution to the standard
partial molar properties of hydrated ions. The nonelectrostatic contribution to the
standard properties is treated empirically. Adjustable parameters are available for
a large number of cations and anions [95Cor].
HKF has been mainly applied in the context of geochemical modelling [92Wol],
where it is used to predict the standard state properties of ions/species in solution
at high temperatures and pressures [09MoC] (extrapolating from empirical fits to
data at lower temperatures [89HoH]).
2.3 Strengths and limitations of the existing the-
oretical frameworks
While the assessment of the strength of Goldberg’s theoretical framework [84Gol]
is difficult because the intention was not to optimise model parameters from ex-
perimental data, but rather to “explore the effects of parameter variations in the
model”, the example investigations of H2SO4, HAc, HF, CdCl2, CuSO4 and Na2CO3
provide enough detail to make an informed judgement. As presented, the theoretical
framework applies only to the calculation of activity and osmotic coefficients. On
the other hand, the algorithm was described in sufficient detail to facilitate imple-
mentation of the model equations. One notable part of the algorithm was a succinct
expression for the water activity of the mixture [84Gol], reducing the computational
burden which would otherwise be encountered if the water activity had instead to
be determined using the Gibbs-Duhem relation.
At 25 ◦C, the MSA theoretical framework has been shown to correlate osmotic
coefficient data for completely dissociated salts [96SBT, 97Sim], associating salts
[98SBB], and mixed electrolyte solutions [97Sim, 99SBB]. Moderately good fits
2The ‘true’ ionic strength, in contrast to the formal ionic strength, takes account of the distri-
bution of species at equilibrium and therefore of charge neutralisation by complex formation/ion-
pairing.
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were obtained for binary electrolyte systems up to high concentrations (typically
saturation molality) in many cases. Importantly, when osmotic coefficients of ternary
electrolyte solutions with a common cation were modelled, no additional parameters
were required beyond those obtained from the binary sub-systems [97Sim, 99SBB].
However, for systems without a common cation, two new mixing parameters became
necessary and without these parameters the quality of the fit deteriorated seriously.
High-temperature investigations have been specifically carried out for LiCl [02MDP]
and mixtures of carbon dioxide and NaCl or NaOH [03PSB]. Osmotic coefficient
data for the binary salt solutions were correlated by expressing each of the MSA
parameters as a linear function of temperature. For LiCl, reasonable agreement
with the data was obtained up to 19 mol kg−1 between the temperatures (273 and
473) K [02MDP]. The NaCl data covered the range from (298 to 573) K and to
6 mol kg−1, while the NaOH solution data extended to 10 mol kg−1 within the
temperature region (298 to 473) K [03PSB]. Only osmotic coefficient data were
used in the parameter optimisations for NaCl and NaOH, and although the fits were
satisfactory, some error may have been introduced since the data were not corrected
for the difference between the McMillan-Mayer (MM) [45McM] and Lewis-Randall
(LR) scales.
Experimental results are most commonly reported on the LR scale, where the in-
dependent variables are temperature, pressure and concentration [62Fri]. The MM
scale instead uses temperature, volume and solvent activity as the independent vari-
ables [02MSW]. Quantities calculated in the MM framework, in particular the MSA
theoretical framework [96SBT] and many Equations of State for the Helmholtz en-
ergy, must be converted to the LR framework for comparison with experimental
data [92FCJ]. The conversion of thermodynamic properties between the two scales
requires information on the volumetric properties of the solution [72Fri], which must
be established independently.
Friedman described the corrections as “a nuisance [but] ... too large to be negligible”
[72Fri2]. In spite of the acknowledgement that the conversion “becomes significant as
concentration is increased, typically above (1 to 2) mol kg−1” [97Sim], the conversion
has been neglected in later work on the MSA theoretical framework because values
for the density of solution were not always available [03PSB, 08SBP]. Apparently,
this contradiction in methodology remains to be properly addressed.
Overall, the results of the MSA model being applied to aqueous electrolyte solutions
[96SBT, 98SBB] and simple mixtures [97Sim, 99SBB] are impressive. However, in
addition to the contradiction identified above, the MSA equations are complicated.
31
Moreover, a variety of different notations have been used within the series of articles
by the Simonin/Blum group. Consequently, there is no definitive and consistent
framework for relatively straightforward application of the MSA model to electrolyte
solutions, especially where ion association is concerned. This makes implementation
of the MSA model difficult and prone to idiosyncrasy.
The MSA-NRTL theoretical framework is an extension of the MSA theoretical frame-
work for application to mixed-solvent systems. While the MSA-NRTL model has
been found to represent the activity coefficients of electrolytes in aqueous solution
more accurately than some other models [10HeS], volumetric properties, such as the
solution density, have not been reproduced. Further, the MSA-NRTL model has
not been tested as widely in the literature as other theoretical framework models
[10HeS].
With the inclusion of hydration and association effects within the MSA-NRTL the-
oretical framework [06SKK], the activity and osmotic coefficient data for a total of
15 1:1 and 2:1 halide salts up to 6 mol kg−1 were very well represented. However,
at least 5 parameters were required for each electrolyte (more when ion association
was considered, as was the case for HNO3 and H2SO4). In fact, the number of opti-
mised parameters required for HNO3 was found to be so large that several arbitrary
relations had to be imposed to reduce the system to a more manageable size.
Thermal properties have also been investigated using the MSA-NRTL framework
[08SBP]. Using simultaneous optimisation of activity, enthalpy and heat capacity
data from (25 to 100) ◦C, satisfactory results were obtained for most solutes. How-
ever, the fits to NaCl and LiBr data were poorer and additional parameters were
recommended [08SBP]. Since the equations for enthalpy and heat capacity were not
published, the implementation of this model would be difficult for anyone without
expert, ‘inside’ knowledge.
Finally, it is noteworthy that the analyses by Simonin and co-workers [97Sim, 98SBB,
02PSB, 06SKK] have almost exclusively made use of the critically-evaluated data
from Hamer and Wu [72HaW]. This reliance upon a single smoothed dataset seems
likely to result in artificially low residuals and over-confidence in the model proper-
ties. Further, it is known that in the case of some electrolytes, e.g. HBr, the com-
pilation of Hamer and Wu has been greatly surpassed in quality by more modern
measurements [83MaB]. Although the MSA framework parameters are supposed to
be physically meaningful [98SBB], unrealistically small optimised values for cationic
diameters have been obtained (see [96SBT] and references within). Similarly, hydra-
tion parameters show non-physical trends with temperature [08SBP]. These results
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cast some doubt on the fundamental credentials of the framework and, hence, also
on the accuracy and general applicability of the published parameters from both the
MSA and MSA-NRTL theoretical frameworks.
When the LHP theoretical framework was first proposed and applied to a small set
of strong electrolyte solutions [89LHP], reasonable correlation with the activity and
osmotic coefficients was achieved using just a small number of parameters: approxi-
mately one parameter per ion and one per electrolyte. However, when a larger set of
electrolyte solution data was investigated [91LiG], the required number of optimised
parameters had to be increased considerably. To fit the activity coefficient data for
all electrolytes successfully, approximately one parameter per ion and two per elec-
trolyte were required. In addition to this extra parameter per electrolyte, some
‘extraordinary’ parameter values needed to be invoked. With their inclusion, the
total number of optimised parameters was not significantly fewer than that required
for electrolyte-specific/ion-interaction models (such as Pitzer).
In the application of the LHP theoretical framework to ternary electrolyte solutions,
the predictions of the mixture properties were found to be less accurate than those
for the binary solutions [89LWG]. In particular, for the system HCl + LiCl, the
predicted activity coefficients were very sensitive to the size constant, lessening the
generality of the approach.
The HKF theoretical framework has seen little use in general electrolyte solution
modelling [97LoD]. It is numerically complicated and depends sensitively on the
effective electrostatic radii of the ions [92FCJ]. The available empirical parameters
are based on older experimental data covering fairly narrow ranges of conditions
[04LvP]. Consequently, the extrapolations to high temperatures and pressures are
not in best agreement with recent experimental results [97GPS]. It has even been
criticised for lack of accuracy at 25 ◦C, e.g., [97GPS, p. 464].
2.3.1 Summary of theoretical frameworks
The theoretical frameworks which have been discussed in this Section appear to
suffer from the same limitations as many of the earlier electrolyte solution thermo-
dynamic models [97LoD]:
- a number of the models considered above (e.g., Goldberg, LHP) can be used
to represent the activity and osmotic coefficients of electrolyte solutions but
not the enthalpies, heat capacities or densities;
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- authors tend to overstate the advantages of their model, without presenting
sufficient analysis of the shortcomings in their approach;
- comprehensive comparisons between observed property values and those cal-
culated by the particular framework are not given;
- comparisons with other theoretical framework models are rarely explored; and
- detailed elaboration of the model is often lacking, making it difficult or impos-
sible for independent researchers to reproduce the published results.
When taken together, it is not surprising that there has been little uptake of these
models in the literature by authors working independently of the theoretical frame-
work originators; the Pitzer framework is the single obvious exception. When the
assessment of the model lacks detailed comparison with data or other published the-
oretical frameworks, gauging the relative merits of the various equations for thermo-
dynamic characterisation of binary electrolyte solutions objectively is problematic.
As a result, many approaches — each purporting to have novelty and utility — have
been described in the literature. But such claims rarely possess sufficient substance
to be convincing.
Perhaps the greatest drawback is that most of the theoretical frameworks described
above (and elsewhere in the literature) only apply to calculations of activity and
osmotic coefficients [97LoD]. While differentiation of these equations can yield other
thermodynamic quantities such as enthalpy, heat capacity and volume of solution,
this process often leads to highly complicated expressions for these properties. This
is conceptually unsatisfactory given that the behaviour of these other properties is
known in general to be fairly straightforward and it also has practical drawbacks
associated with a tendency to overparameterisation (Chapter 4).
The choice of which theoretical framework to implement in the present work is not
obvious: all of the potential candidates have serious flaws. Since it is necessary that
the chosen framework be capable of correlating many thermodynamic properties
over ranges of pressure and temperature, the Pitzer equations emerge as the most
promising option. Their relative weakness when applied to systems having pro-
nounced chemical speciation — including the counter-intuitive attribution of equal
activity coefficients to individual ions in binary solutions of univalent ions — is
not particularly problematic in the context of this work, where the primary aim is
to harmonise the available data for many mostly-strong electrolyte solutions. The
Pitzer equations thus seem to provide the best approach to correlate the properties
of binary electrolyte solutions, both under ambient and superambient conditions.
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Chapter 3
Reliable characterisation of
thermodynamic properties of
binary electrolyte solutions under
ambient conditions
Paramount amongst the many reasons for implementing a well-known and highly
regarded model framework for the correlation of binary electrolyte solution data is
the accurate representation of binary electrolyte solution properties to high con-
centrations [97GPS]. This is critical for validation and comparison of mixing rule
predictions for multicomponent electrolyte solutions (Chapters 5–6). The Pitzer
theoretical framework provides a convenient means of correlating the properties of
binary electrolyte solutions in a thermodynamically-consistent way (Chapter 2).
The Pitzer equations (Section 3.2) have been successfully applied to a large number
of binary electrolyte solutions under ambient conditions [91Pit]. In particular, pa-
rameters have been published that enable activity coefficients [73Pit, 73PiM, 74PiM],
heat capacities [77SiP, 96CrM, 99CrM], densities [95KPP, 96KPP] and other ther-
modynamic properties [78SiP, 82KAH] to be calculated up to concentrations ranging
from (1.0 to 20.0) mol kg−1. However, a number of problems with these published
parameter sets are known, the most crucial of which, for the purpose of this thesis,
is that they are fixed in time. The ramifications of this limitation are numerous:
(a) the published models can be rendered obsolete when either new data are mea-
sured or when the properties of water required by the model — such as the density
and dielectric constant [90Arc] — are re-evaluated (Appendix E); (b) the various
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Figure 3.1: Problems with equilibrium modelling — reasons for the status quo.
(Reprinted with permission from P. M. May and K. Murray, J. Chem. Eng. Data,
46, 1035 (2001). Copyright American Chemical Society.)
literature parameter sets for related chemical systems are inherently incompatible
[91ClW, 94KPI]; and (c) users of the model are tempted to extrapolate beyond its
intended bounds since the range of optimisation conditions are inevitably insufficient
for some applications. These are the same kinds of problem faced in equilibrium
modelling (Figure 3.1). The key message is: in order to meet the demands of dif-
ferent modelling contexts and make the most of the available data, reliable models
must be updatable.
Updatable modelling requires that automated procedures replace manually-intensive
ones. Tasks such as data weighting (Section 3.1.1), parameter selection (Section 4.1)
and model validation (Appendix D) can each be automated to some extent, greatly
reducing the burden involved in modelling. Moreover, automating these processes
will allow parameter re-assessments, when required, to be completed much more
rapidly than when this is done manually.
A key objective of this work is to create thermodynamic models for binary electrolyte
solutions that can be updated whenever new data become available [09MaA]. There
is already a large body of data in the literature for the alkali metal halides and sea-
salts [87PaP2]. However, many electrolytes have been characterised experimentally
only under ambient conditions. As more measurements are performed on these
systems, there will be an increasing need to model their properties over a wide
36
range of temperature and pressure. To fulfil this objective, both an easily-extended
database and a theoretical framework to model this data are required. These are seen
as essential elements to address the current impasse in thermodynamic modelling of
aquatic systems (Chapter 2).
3.1 Physicochemical property data
In this work, literature data are maintained in the JESS physicochemical property
database, called ‘FIZ’ [10MRK]. The purpose of FIZ is to store both primary (that
is, raw experimental) and secondary (critically reviewed) datasets in a form that
matches — as closely as possible — their original literature source. This is achieved
by recording published values and their original units in human-readable text files.
These files are then processed into direct-access computer database files. Since the
processing is carried out by computer programs, the necessary unit and property
conversions are made without error; and the stored data can be accessed and re-
trieved rapidly.
Presently, more than 340,000 data points relating to 48 properties and 510 binary
and ternary solutes are recorded in text files. These data have been collected from
over 650 literature references over many years and by multiple individuals, including
a significant fraction by the present author. With such a large number of data to
manage, automated techniques need to be employed as much as possible. The
particular strategies leveraged in this work are discussed below and in Chapter 4.
When a mathematical analysis or visual inspection of data is conducted, it is bene-
ficial to make use of as many data as possible. In this respect, some properties need
to be transformed to more useful forms (Table 3.1). For example, to best deter-
mine model parameters [91Pit] and assess the quality of data at low concentrations,
various volumetric properties (such as solution density and density difference) are
converted to apparent molar volumes.
When datasets are compiled into FIZ they are assigned a weight factor. This is
a numerical value that ranges from 0, indicating data which are too unreliable to
be useful in any model fitting, to 9, a dataset of the highest quality. The weight
value assigned is based on an ‘expert opinion’ and thus is subjective to some extent.
In FIZ, such ‘opinions’ are based on factors such as the year of data publication,
the experimental method used and the reputation of the authors and their claimed
precision [10MRK]. Since the data are stored in text files, comments regarding the
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Table 3.1: Optimisation property transformations
Original property Transformed propertya
Activity coefficient Activity coefficient (ln γ±) (AC)
Osmotic coefficient Osmotic coefficient (OC)
Water activity
Vapour pressureb
Apparent molar relative enthalpy Apparent molar relative enthalpy (HA)
Apparent molar enthalpy of dilutionc
Apparent molar heat capacity Apparent molar heat capacity (CP)
Specific heatb
Apparent molar volume Apparent molar volume (VM)
Absolute density
Relative density difference
Specific volume
a The equations used in the property conversions are given in Chapter 2.
b Vapour pressure and specific heat have not been used in this work because the conversion
was found to depend too sensitively on the properties of the pure solvent, leading to serious
inaccuracies in the transformed properties.
c The enthalpy of dilution cannot be transformed directly to relative enthalpy; rather, the
formula ∆HID =
φL(mf )− φL(mi) is used (equation 2.10).
decision of which particular weight factor to assign can be recorded directly alongside
the data for later inspection. Where possible, data are plotted to gauge both their
internal consistency and the consistency with existing database values.
During model fitting, the weight factors contribute to distinguishing between those
data points which need to be closely matched and those deserving lesser influence.
Central to the aim of ‘updatable modelling’ is that the weight factors can be altered
as and when new information becomes available. While entire datasets may be
up- or down-weighted, the flexibility also exists to set the weight of an individual
datum to 0 (thus eliminating outliers which are prone to disrupt the model fitting,
Section 3.3). Datasets may also be split when it is deemed that, for example, the
quality of measurements at low temperature greatly exceeds the reliability of the
high temperature data reported in a particular reference.
3.1.1 Uncertainty of data
The assignment of error estimates to experimental data is a notoriously difficult
problem to automate [92Arc]. The most widely used approach is to assign an ex-
pected uncertainty to an entire literature dataset (rather than on a point-by-point
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basis). The size of the uncertainty can be influenced by factors such as the type
of property being reported and the experimental technique used. There are both
advantages and disadvantages to this approach. The main advantage is that the
manual effort involved is small compared to a point-wise uncertainty assignment.
The main disadvantage is the highly subjective nature of the assignment. This limi-
tation can be offset to some extent by having all weight values explicitly represented
and open to general inspection.
To cope with data for different properties (which have different inherent scales)
during numerical regression, a simple scaling factor is combined with the weight
factor to calculate the uncertainty of a given datum (Table 3.2). The uncertainty σ
Table 3.2: Property scale factorsa
FIZ property AC OC HA CP VM
Scale factor 0.001 0.001 0.02 2.0 0.1
a Property abbreviations are given in Table 3.1.
is then calculated using the rule σ = scale factor×(10−weight). By way of example,
apparent molar heat capacity data with weight 4 will have an assumed uncertainty
of 12.0 J(K mol)−1 and mean ionic activity coefficient data with weight 7 will be
assigned an uncertainty of 0.003.
Some evident limitations of this approach are noted below.
3.2 Pitzer’s equations
As already noted, many properties of electrolyte solutions can be obtained from
differentiating the Gibbs excess energy, Gex. The Pitzer equation for the Gibbs
excess energy of a binary salt solution per kg of water is
Gex/(wwRT ) = (−4IAφ/b) ln(1 + b
√
I) + 2νMνX(m
2BMX +m
3νMzMCMX)
BMX = β
(0)
MX + β
(1)
MXg(α1
√
I) + β
(2)
MXg(α2
√
I)
g(x) = 2[1− (1 + x) exp(−x)]/x2
In the above equations, Aφ is the Debye-Hu¨ckel constant for osmotic coefficients,
β
(0)
MX, β
(1)
MX, β
(2)
MX and CMX are adjustable (ion-interaction) parameters and b is a
constant with the value 1.2 (kg mol−1)1/2 for all electrolytes. Coefficients α1 and α2
are taken as temperature and pressure-independent, but vary with electrolyte type
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Table 3.3: Values of α coefficients in Pitzer’s equations [91Pit]
Electrolyte type α1 /(kg mol
−1)1/2 α2 /(kg mol−1)1/2
1:1, 2:1, 3:1 2.0 0 a
2:2 1.4 12.0
3:2 2.0 50.0
a β
(2)
MX is not required.
(Table 3.3). Appropriate differentiation of Gex ([91Pit] and references within) leads
to the relevant thermodynamic equations for the osmotic coefficient (φ), mean ionic
activity coefficient (γ±), apparent molar relative enthalpy (φL), apparent molar heat
capacity (φCp) and apparent molar volume (
φV )1.
φ = 1− Aφ|zMzX |fφ +m(2νMνX/ν)BφMX +m2[2(νMνX)3/2/ν]CφMX (3.1)
ln γ± = −Aφ|zMzX |fγ +m(2νMνX/ν)[BMX +BφMX] +m2[3(νMνX)3/2/ν]CφMX (3.2)
φL = ν|zMzX |(AL/4)f − νMνXRT 2[2mBLMX +m2(νMνX)1/2CφLMX] (3.3)
φCp =
φC◦p + ν|zMzX |(AJ/4)f − νMνXRT 2[2mBJMX +m2(νMνX)1/2CφJMX] (3.4)
φV = φV ◦ + ν|zMzX |(AV /4)f + νMνXRT [2mBVMX +m2(νMνX)1/2CφVMX] (3.5)
where
fφ =
√
I/(1 + b
√
I)
f = (2/b) ln(1 + b
√
I)
fγ = fφ + f
BφMX = β
(0)
MX + β
(1)
MX exp(−α1
√
I) + β
(2)
MX exp(−α2
√
I)
BDMX = β
(0)D
MX + β
(1)D
MX g(α1
√
I) + β
(2)D
MX g(α2
√
I) : D ∈ {L, J, V }
AL, AJ andAV are the Debye-Hu¨ckel constants for enthalpy (AL = 4RT
2(∂Aφ/∂T )p),
heat capacity (AJ = (∂AL/∂T )p) and volume (AV = −4RT (∂Aφ/∂p)T ) respectively
[97FGL]. The superscripted Pitzer parameters refer to the derivatives with respect
to temperature or pressure, that is, β
(0)L
MX ≡ (∂β(0)MX/∂T )p, β(0)JMX ≡ (∂2β(0)MX/∂T 2)p +
(2/T )(∂β
(0)
MX/∂T )p and β
(0)V
MX ≡ (∂β(0)MX/∂p)T . Analogous results hold for β(1)MX, β(2)MX
and CφMX.
The standard state apparent molar heat capacity and volume, φC◦p and
φV ◦, are
likewise treated as adjustable parameters.
1The relationship CMX = C
φ
MX/(2|zMzX |1/2) has been used [91Pit]
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The equations above are all that are necessary to represent constant temperature
(isothermal) and constant pressure (isobaric) electrolyte solution data (Section 3.5).
However, in order to fit thermodynamic data over a range of conditions, equations
describing the temperature and pressure dependence of the ion-interaction param-
eters and the standard state apparent molar heat capacity and volume are also re-
quired. Unfortunately, the absence of a sound fundamental basis means that these
functions must be chosen empirically [11Voi]. Ideally, the functions should be able
to reproduce the trends in the data that are common among different electrolyte so-
lutions. For example, the models should reflect the divergence of the apparent molar
heat capacity toward negative infinity at temperatures near the critical point of wa-
ter. Numerous literature publications demonstrate that Pitzer equation correlations
can be employed at high temperature and pressure. Amongst these, certain terms
appear frequently, meaning that only a reasonable number need to be considered
in this work. The following set of pressure and temperature dependent functions
has been implemented [10MRK], these being representative of those most-often-used
models in the literature [82RoP, 84PPB, 92Arc, 99Arc, 01Kon].
β
(0)
MX = [f11(T ) + 1× 10−2f12(T )(p− pr)/p◦ + 1× 10−4f13(T )(p2 − p2r)/p◦2]/m◦
β
(1)
MX = [f21(T ) + 1× 10−2f22(T )(p− pr)/p◦ + 1× 10−4f23(T )(p2 − p2r)/p◦2]/m◦
β
(2)
MX = [f31(T ) + 1× 10−2f32(T )(p− pr)/p◦ + 1× 10−4f33(T )(p2 − p2r)/p◦2]/m◦
CφMX = [f41(T ) + 1× 10−2f42(T )(p− pr)/p◦ + 1× 10−4f43(T )(p2 − p2r)/p◦2]/m◦2
fij(T ) =bij1 + bij21× 103[T ◦/T − T ◦/Tr] + bij3 ln(T/Tr)
+bij41× 10−2[(T − Tr)/T ◦] + bij51× 10−4[(T 2 − T 2r )/T ◦2]
+bij610[T
◦/(620 K− T )− T ◦/(620 K− Tr)]
+bij71× 103[T ◦/(T − 227 K)− T ◦/(Tr − 227 K)]}
(3.6)
where T ◦ is 1.0 K, p◦ is 1.0 MPa, m◦ is 1.0 mol kg−1, pr is 0.1 MPa, Tr is 298.15 K
and the bijk are the model parameters to be determined.
The quantities φC◦p and
φV ◦ usually exhibit complex dependence on temperature
and pressure [82RoP, 92Arc]. However, the numerical difficulties associated with
them can be reduced [82RoP] by re-writing the equation for the apparent molar
quantity to be relative to a non-zero reference concentration, mr.
φV + vw/nr = V (mr)/nr + ν|zMzX |(AV /4)[f(I)− f(Ir)]
+ νMνXRT [2(mB
V
MX(I)−mrBVMX(Ir)) + (m2 −m2r)(νMνX)1/2CφVMX]
(3.7)
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where vw is the volume of 1 kg of pure solvent at the temperature and pressure of
the solution and nr is the number of moles of solute. The temperature and pressure
variation of V (mr)/nr is less extreme than for the infinite dilution property of the
solution. The parameterisation used in this work is
V (mr)/nr =100v1 + v2T/T
◦ + v31× 10−2(T/T ◦)2 + v41× 10−5(T/T ◦)3
+v5(p/p
◦) + v61× 10−2(p/p◦)(T/T ◦) + v71× 10−4(p/p◦)(T/T ◦)2
+v81× 10−2(p/p◦)2 + v91× 10−4(p/p◦)2(T/T ◦)
(3.8)
The equation for the apparent molar heat capacity is analogous to equation (3.7)
for the apparent molar volume. Since the pressure dependence of Cp(mr)/nr is
contained in equation (3.8) [92Arc], along the isobar at 1 bar Cp(mr)/nr is given by
Cp(mr)/nr = 100u1 + u20.1T/T
◦ + u31× 10−3(T/T ◦)2 (3.9)
3.3 Obtaining model parameters
Determining model parameters which best describe a given set of observations is
variously called regression, model-fitting or optimisation. An ‘objective function’
measures the agreement between the data and the model, given a particular set of
parameters. The parameters that yield the minimum value of the objective function
are called the best-fitting parameters [92PTV].
A so-called least-squares fit forms a particularly common basis for the regression of
experimental data. The least-squares function is a sum of the squared differences
between the data and the model. The estimated uncertainties of the FIZ data, σi,
can be used to generate a ‘weighted’ least-squares (chi-square) function:
χ2 =
N∑
i=1
(
yi − ymod,i
σi
)2
where ymod,i is the estimate of datum yi calculated from the model and yi − ymod,i
is called the residual.
For comparisons of results, it is preferable to use the normalised chi-square function,
given by
χ2dof = χ
2/(N − P )
where N is the number of data points and P is the number of adjustable parameters
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in the model. The term (N−P ) is the number of degrees of freedom (dof). In general,
an objective function, χ2dof , of unity or less indicates that the model describes the
data (overall) to approximately within the experimental error, provided the data
have been weighted appropriately.
Occasionally, experimental points — outliers — fall well outside the typical range of
(random) error [92PTV]. Outliers are problematic because the least-squares function
significantly penalises data points that deviate from the model by more than their
associated uncertainty. This means the presence of even one or two errant data can
strongly distort the model, resulting in meaningless correlations [92PTV]. It follows
that unless severely outlying data are identified and flagged in the database, mod-
elling is likely to be poor. There are many reasons why data may deviate from the
model (Section 4.2). Since it is often the case that the problematic data are merely
typographical errors, consultation of the relevant literature has frequently allowed
these data to be corrected. However, this process relies upon human intervention
and cannot be fully automated.
In any regression analysis the presence of systematic error in a particular dataset
can be ruinous. Unfortunately, systematic error is difficult to detect unless multiple
independent experimental investigations have been performed, which is often not
the case. The usual remedy is to remove the entire dataset from the optimisation
(Section 3.1). However, a possible downside is the loss of useful ancillary information
from the data. For example, density measurements may have been made at a series
of temperatures but later found to be systematically low. Removing the whole
dataset from the fit also removes the information about the rate of change of density
with respect to temperature, which may otherwise help to fill gaps in the data
and be beneficial to the parameter optimisation. At the present time, extracting
reliable information from unreliable datasets is an impossibly challenging problem
to automate and has not been attempted in this work.
3.3.1 Solving least-squares problems
The form of equations used in the model influences how the minimum of the chi-
square function is found and how difficult this is. A distinguishing characteristic in
this regard is whether the parameters are linear or nonlinear in nature.
Linear least-squares problems are relatively straightforward to solve. The main is-
sues likely to arise are associated with the limitations of computer arithmetic, chief
among them being correlation and roundoff error. Correlation is the more difficult
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problem and is related to the fact that experimental data frequently do not possess
sufficient information to allow the basis functions of the model to be unequivocally
determined [92PTV]. When more than one combination of the available functions
are capable of describing the data equally well, the fitting matrix becomes singular
and either the optimisation process fails or spurious parameter values are generated.
This has been described in the literature as a “mathematical irony . . . that least-
squares problems are both overdetermined (number of data points greater than the
number of parameters) and underdetermined (ambiguous combinations of param-
eters exist)” [92PTV]. The recommended method for dealing with such problems
[92PTV] is the singular value decomposition (SVD).
In contrast to linear ones, nonlinear least-squares (NLLS) problems can only be
solved iteratively. Given trial values of the unknown parameters, a NLLS solver
determines a direction ‘downhill’ and takes a step toward the assumed objective
function minimum. This is repeated until the objective function decreases negligibly.
The Levenberg-Marquardt method is one of the most reliable NLLS solvers [92PTV].
However, initial estimates for the parameters are required and the process can fail
if these estimates are not sufficiently good. Ideally, estimates should be close to the
final values so, in choosing them, it is helpful to have guidance from physical or
other known constraints on the system.
3.3.2 The Pitzer parameters
Since the parameters of the Pitzer equations are linear (Section 3.3.1), once the
relevant data are collected and weighted, their best-fitting values can be readily
determined using SVD. This is in contrast to models using other theoretical frame-
works (Chapter 2). Furthermore, once the numerical rank of the fitting matrix has
been determined by SVD, redundant model parameters can be identified using the
subset selection algorithm of Golub and van Loan [96GoV, p. 593]. This feature is
especially important when dealing with the Pitzer equations, since the tendency for
the Pitzer parameters to be highly correlated is well known [87Mon, 95MMH] (and
the inclusion of terms to model data over a range of temperature and pressure makes
ill-conditioning of the fitting matrix even more likely). The number of redundant
coefficients can be more reliably estimated if the fitting functions are appropriately
scaled [96GoV]. For this reason, numerical factors are included in equations (3.6),
(3.8) and (3.9).
The computer code for the simulation and optimisation of physicochemical data
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was verified in a simple manner. Published Pitzer parameters were used to simulate
thermodynamic property values. These calculated values were found to compare
favourably with relevant experimental data. Subsequently, best-fitting Pitzer pa-
rameters were optimised using a large number of literature data for exemplar strong
electrolytes. Due to differences in the optimisation processes, exact correspondence
between the published parameters and the parameters from the present implemen-
tation could not reasonably be expected: however, the observed discrepancies were
small enough to indicate with a high degree of confidence that the Pitzer equations
used in this work had been correctly implemented.
3.4 Automatic determination of concentration limit
at T = 25 ◦C and p = 1 bar
To predict accurately the properties of multicomponent electrolyte solutions, binary
solutions must be well characterised at high concentrations (Chapters 5–6). There-
fore, when fitting physicochemical properties such as activity or osmotic coefficients
using the Pitzer equations, it is not just the ion-interaction parameters that need
to be determined: the maximum concentration to which the data are adequately
represented needs also be found. Determining a suitable concentration limit manu-
ally is relatively simple (though subjective) but obviously tedious when hundreds of
electrolytes need to be considered. Moreover, the most appropriate concentration
limit must be re-assessed whenever new data are incorporated into the database.
A method of automatically determining the upper concentration limit to which the
Pitzer equations apply is therefore highly desirable. An approach described in the
literature [73PiM, 91Pit] restricts the maximum deviation in the osmotic coefficient
to less than 0.01–0.03 (according to electrolyte type). While claimed to be reason-
ably effective, this method is not considered suitable here, for two reasons. First, the
literature studies which employed this rule typically optimised only one (critically
reviewed) dataset, that is, data with little noise. The physicochemical datasets used
in this work rarely exhibit such consistency, not least because they contain data
from many independent sources. Second, this work involves the simultaneous op-
timisation of numerous properties. Although comprehensive reviews are available
for osmotic coefficients (e.g., [70RoS, 72HaW]), these are relatively old sources and
there are no equivalent reviews for apparent molar heat capacities nor volumes. En-
forcing a maximum deviation between the model and the data for only one property
is obviously unsatisfactory.
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Finding the highest electrolyte concentration for which Pitzer’s equations yield a
‘good’ fit is essentially subjective. Typically, as the concentration range increases
incrementally, the quality of the fit — measured by the size and pattern of the
residuals — degrades only gradually: in other words, there is no clearly defined
point where the fit suddenly deteriorates. Automating the task accordingly requires
assumptions to be made about the nature of the data and/or the model, and about
what constitutes an acceptable goodness-of-fit.
The initial approach investigated in this work attempted to extend the rule used
by Pitzer and co-workers [73PiM, 91Pit]. To cope better with the large disparities
in the quality (and quantity) of data for different electrolytes and properties, the
goodness-of-fit determination was made using weighted residuals. In addition, the
total sum of squared residuals was recorded for a user-specified electrolyte and upper
concentration (the ‘reference system’). The concentration limit of each electrolyte
was progressively increased as long as the fit remained better than the reference
system.
However, some significant deficiencies with this approach became apparent. The
main problem arose with data of lower quality: the metrics failed to find an ac-
ceptable fit over any concentration range. This was the case in particular when the
specified reference system exhibited only small residuals. Choosing a reasonable ref-
erence system therefore proved difficult, especially because changes to the database
would possibly alter substantially the fit of the reference system itself. To address
this a second algorithm was designed and investigated.
This second algorithm is based on techniques from the statistical ‘lack of fit’ test
[74NeW, p. 117]. In the lack-of-fit test, the total sum of squares between the
model and the data (SSE) is partitioned into a sum of squares due to ‘pure error’
(SSPE) and a sum of squares due to lack of fit (SSLF ≡ SSE − SSPE), and the
ratio SSLF (N − C)/SSPE(C − P ) is compared to an F -statistic, where C is the
number of data having distinct values of concentration, and N and P are the total
number of data and model parameters (Section 3.3). Unfortunately, some of the
assumptions underlying the lack-of-fit test (in particular, the distribution of errors
and independence of data points having the same concentration) are likely to be
violated within FIZ datasets. Hence, the algorithm developed in this work uses a
modified lack-of-fit test (Algorithm 3.1). sum of squares (SSPE)
The algorithm approximates the ‘pure error’ using the following procedure. The
concentration limit of the available data is broken into intervals having width not
greater than mmin mol kg
−1 where the values for mmin (Table 3.4) were decided by
46
Algorithm 3.1 Determine highest concentration, mhigh, where the Pitzer equations
correlate physicochemical data approximately within experimental uncertainty
1: calculate the ‘pure error’ of each datum by fitting the Pitzer equations over
concentration intervals of width mmin
2: set mhigh ← mmin
3: figure SSPE for data in the range m = (0 to mhigh) mol kg
−1
4: fit the Pitzer equations to the range m = (0 to mhigh) mol kg
−1and calculate
SSE and SSLF = SSE − SSPE
5: if SSLF < SSPE or SSE/(N − P ) < 1 then
6: increase mhigh, go to step 3
7: end if
Table 3.4: Minimum adequate concentrations
Solute type a Nonelectrolyte 1:1 2:1 3:1 2:2 3:2 Other
mmin /mol kg
−1 2.0 3.0 1.5 1.2 2.0 1.2 1.0
a Electrolyte i : j ≡ j : i
examining typical concentration limits for electrolyte solutions of different valence
types [91Pit]. Within each interval, the Pitzer equations are assumed to be able to
represent the data with negligible lack of fit. This means that the residuals between
the model and the data may be interpreted as the ‘pure error’.
The latter stages of the algorithm calculate the SSE for a fit of the Pitzer equations
to data over the concentration range m = (0 to mhigh) mol kg
−1(since SSPE is
known from the first stage, this also determines SSLF = SSE − SSPE). The
value of mhigh is increased progressively as long as one of the following criteria is
satisfied: a) SSLF < SSPE; or, b) SSE/(N − P ) < 1. The first criterion is
adapted from the lack-of-fit test [74NeW] and the second is used to prevent some
well-characterised datasets (having relatively low SSPE) from failing unexpectedly.
In testing this algorithm, it became apparent that the correlation among the Pitzer
parameters, especially between φV ◦ and β(1)V , hindered the accurate determination
of the parameter values when the data are noisy (Appendix A). To reduce the impact
of this effect, the optimisation was constrained to extrapolate to the φV ◦ and φC◦p
values of Marcus [97Mar]. In a few instances, these values seemed inappropriate
for the fit to the FIZ datasets and alternate values were chosen [11MRH]. Since
the numerical values of the standard state heat capacity and volume were fixed, up
to 16 coefficients needed to be optimised for each electrolyte — each of the four
transformed properties (Table 3.1 and equations (3.1)–(3.5)) are described by three
Pitzer parameters2 (four if β(2) is required).
2The equations for the mean activity coefficient and osmotic coefficient involve the same Pitzer
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3.5 Results
The purpose of Algorithm 3.1 is to determine Pitzer parameters which best correlate
the available data for electrolyte solutions up to high concentrations. Under ambi-
ent conditions, the FIZ database holds significant numbers of data for 175 binary
electrolyte solutions. When Algorithm 3.1 was applied to these data, approximately
80% of electrolytes were represented to high concentrations (either to their solubil-
ity limit, to the limit of available data or to greater than 6 mol kg−1) [11MRH].
Most of the other electrolytes were correlated to some lower concentration; however,
the properties of six binary systems (HF(aq), H2SO4(aq), H3PO4(aq), KHSO4(aq),
NaHSO4(aq), Pr(NO3)3(aq)) could not be satisfactorily reproduced.
The inability to correlate the properties of these six electrolyte solutions is not
attributed to a failure of Algorithm 3.1. Rather, the Pitzer theoretical framework
appears unable to correlate electrolyte solutions in which speciation changes occur at
low concentrations. It is noteworthy that changes in speciation per se, e.g. ion-pair
formation, do not preclude a good fit [11MRH]. For instance, CuSO4 and other 2:2
electrolytes are well described by the Pitzer equations even though they are known
to exhibit association [70RoS]. The reason that speciation changes can be handled
in 2:2 electrolytes but not those above is because the Pitzer equations explicitly
include a term (with parameter β(2)) to model ion-association in high-valence elec-
trolyte solutions [74PiM, 78PiS, 91Pit]. Many methods have been investigated to
model the speciation changes in solutions of low-valence electrolytes. These include
modelling the requisite equilibria [76PiS, 77PRS] and employing additional empirical
concentration-dependent terms ([91Pit, Appendix H] and references within). How-
ever, these strategies are not applicable generally and the choice of which approach
to use is subjective [91ClW].
The concentration limits determined by Algorithm 3.1 for each optimised electrolyte
are tabulated in Appendix B.
Electrolytes that are accurately represented to high concentrations include the alkali
metal chlorides and alkali metal sulfates (Figure 3.2). Many 2:1 valence salts such
as those of the alkaline earth metals are similarly well-characterised (Figure 3.3)
Electrolytes described to lower concentrations include manganese(II) chloride, cop-
per(II) chloride, zinc bromide and europium(III) nitrate (Figure 3.4). The fitting-
functions determined by Algorithm 3.1 are given by solid lines in Figure 3.4 (with
arrows indicating the corresponding concentration limits). The dashed lines show
parameters.
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Figure 3.2: Experimental and calculated values of well-characterised properties at
25 ◦C using the Pitzer parameters from Algorithm 3.1. Na+ (F), K+ (E), Rb+
(@), Cs+ (A) with Cl− (left panels) and SO2−4 (right panels) as the counter ions.
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Figure 3.3: Experimental (points) and calculated (lines) activity coefficients at 25
◦C using the Pitzer parameters from Algorithm 3.1 for solutions of certain alkaline
earth salts: Mg2+ (F), Ca2+ (E), Sr2+ (@), Ba2+ (A) with (a) Cl−, (b) Br− and
(c) ClO−4 as counter ions.
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Figure 3.4: Exemplar electrolytes for which Algorithm 3.1 determines that the Pitzer
equations (solid lines) do not represent data at high concentrations. Arrows indicate
the limit of each fit. Optimising to higher concentrations yields poorer fits (dashed
lines): (a) MnCl2; (b) CuCl2; (c) ZnBr2; (d) Eu(NO3)3.
optimisations to higher solute concentrations. These curves are in noticeably worse
agreement with the experimental data, deviating markedly at low concentrations.
These results demonstrate that Algorithm 3.1 achieves the main objectives of up-
datable modelling; to automatically determine best-fitting parameters and an ap-
propriate maximum concentration limit to which those parameters apply.
3.5.1 Comparisons with models from the literature
Sets of Pitzer parameters valid at 25 ◦C have been published in a number of works.
These literature studies differ from the present analysis in several respects. First,
there are differences in both the sets of data optimised and the weights/uncertainties
attributed to the data. Second, the upper concentration limits are generally dif-
ferent in each investigation. Since the concentration limits have been determined
completely automatically in this work, it is necessary to demonstrate that the fits to
the underlying physicochemical data are of high quality, especially when compared
to the fits achieved by previous authors.
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Figure 3.5: Comparison between activity coefficient data (as ln γ±) for NaOH(aq)
and various Pitzer models at 25 ◦C. Solid line [88KiF]; dot-dashed line [91Pit];
dashed line (Algorithm 3.1) [11MRH].
3.5.1.1 Activity and osmotic coefficients
Activity and osmotic coefficients are useful for calculating thermodynamic proper-
ties that depend on the Gibbs excess energy, such as the solubility or water activity
(Chapter 5). Based on the results of applying Algorithm 3.1 to 169 electrolytes,
Pitzer parameters were determined that satisfactorily describe the activity and os-
motic coefficients of 141 electrolytes either to the limit of available data or to greater
than 6 mol kg−1 [11MRH]. Pitzer parameters derived from activity and osmotic
coefficient data have been published for many electrolytes [88KiF, 91Pit] so a com-
parison is readily possible. A reasonably large number of electrolytes have upper
concentration limits which are substantially similar to those obtained using Algo-
rithm 3.1 (e.g., NaCl, MgSO4). The corresponding parameters are nearly identical
in these cases.
However, especially for highly-soluble electrolytes, the differences in the stated up-
per concentration limits become more pronounced. Sodium hydroxide is one such
example. The reported concentration limits vary from 6 mol kg−1 [91Pit] to the
solubility limit at 25 ◦C, 29 mol kg−1 [88KiF]. Using Algorithm 3.1, the FIZ data
for NaOH(aq) were represented to a concentration of 11.6 mol kg−1 (Figure 3.5).
None of the parameter sets represent the data at m > 12 mol kg−1 well. The agree-
ment between the data and the model of Kim and Frederick [88KiF] is particularly
poor. The parameters of Pitzer [91Pit] and this work are considerably more ac-
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Figure 3.6: Differences between experimental activity coefficients (as ln γ±) for
NaOH(aq) and values calculated from the present model. The solid/dot-dashed lines
are the differences of values calculated from Kim and Frederick’s [88KiF]/Pitzer’s
[91Pit] parameters from the present model (dashed line).
curate: there are only minor differences (< ±0.02 in ln γ±) between the simulated
results up to 9 mol kg−1 (Figure 3.6).
3.5.1.2 Apparent molar relative enthalpy
Apparent molar relative enthalpy is the property for which the present analysis is
most incomplete, having data for only 59 electrolytes. However, the data coverage
within these systems is quite good: a large proportion of the electrolytes have data
at concentrations greater than 75% of the upper limit obtained from Algorithm
3.1. In contrast, of more than 80 electrolytes examined by Silvester and Pitzer
[78SiP], approximately one third had parameters that were valid to 1.0 mol kg−1
or less. Accordingly, the comparisons here focus on electrolytes that have been
parameterised to high concentrations.
Among the electrolytes with the highest reported concentration limits (e.g., NaBr,
Na2SO4, LaCl3) the present parameters are in good accord with the published pa-
rameters [78SiP]. However, the agreement is less satisfactory for NaCl and CaCl2.
Comparison with data (Figures 3.7 and 3.8) reveals that these electrolytes are sys-
tematically misrepresented by Silvester and Pitzer’s parameters [78SiP]. While
the cause of these deviations is not known, it seems likely that the parameter val-
ues were entered incorrectly into the published table. Typographical errors are a
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Figure 3.7: Experimental and calculated values of the apparent molar relative en-
thalpy of NaCl(aq) at 25 ◦C. The solid line is calculated using the parameters of
Silvester and Pitzer [78SiP]. The dashed line is the Pitzer model from the present
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Figure 3.9: Experimental and calculated values of the apparent molar heat capacity
of HCl(aq) at 25 ◦C. The solid line is calculated using the parameters of Criss and
Millero [96CrM]. The dashed line is the Pitzer model from the present work.
further reason why published parameters cannot be entirely relied upon and why
physicochemical databases need to be updatable.
3.5.1.3 Apparent molar heat capacity
To make accurate predictions in concentrated multicomponent systems, the proper-
ties of binary sub-systems should be correlated to high concentration, that is, to ionic
strength values at least equal to those in the mixtures. Unfortunately, heat capacity
data for binary electrolyte solutions particularly are often lacking in this regard.
Heat capacity data are available in the FIZ database for 71 electrolytes; but only
half of these electrolytes have data extending beyond 50% of the concentration limit
determined by Algorithm 3.1. As with the parameters obtained from enthalpy data,
many of the published Pitzer parameters for 1:1 electrolytes are valid to concen-
trations less than 1 mol kg−1 [96CrM]. The concentration ranges of higher-valence
alkali-metal and transition-metal salts are similarly deficient [99CrM].
Electrolyte solutions which have sufficient data for comparison include HCl (Figure
3.9), HNO3 (Figure 3.10) and La(ClO4)3 (Figure 3.11). In some of these cases, the
experimental data and the concentration limits of Criss and Millero [96CrM] extend
to higher concentrations than the present optimisation limit. It is interesting to note
that apparent molar heat capacity data, in general, are more easily modelled at high
concentrations than activity and osmotic coefficients. Since the parameters obtained
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Figure 3.10: Experimental and calculated values of the apparent molar heat capacity
of HNO3(aq) at 25
◦C. The solid line is calculated using the parameters of Criss and
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Figure 3.11: Experimental and calculated values of the apparent molar heat capacity
of La(ClO4)3(aq) at 25
◦C. The solid line is calculated using the parameters of Criss
and Millero [96CrM]. The dashed line is the Pitzer model from the present work.
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in this work come from simultaneous optimisation of all the available literature data
for a number of different properties, the upper concentration limit is sometimes less
than it would be if the data for different properties were considered separately.
Differences between the parameterisations due to the apparent molar heat capacity
standard state value are also evident. For example, φC◦p for La(ClO4)3 (Figure 3.11)
has values of -165.74 J(K mol)−1[99CrM] and -212.55 J(K mol)−1(this work). The
corresponding value calculated from the ionic contributions in Marcus [97Mar] is
-201 J(K mol)−1. The scattered nature of these values is understandable, since the
absence of data at very low concentrations makes determination of an accurate value
inherently difficult.
3.5.1.4 Density and volume
Each of the volumetric properties are converted to apparent molar volumes for use
during optimisation (Table 3.1). Since the density of solution is one of the most
commonly measured properties, there are data available for 126 electrolytes up to
high concentration. The literature survey by Krumgalz et al. [96KPP] includes
Pitzer parameters for approximately 100 electrolytes.
There are many electrolytes for which the parameterisations are in good agreement
with those of this work (e.g., HCl, NaCl and KCl).
In contrast, the parameterisation of calcium chloride showed discrepancies. In an
initial fit to the apparent molar volume data for calcium chloride, the standard state
apparent molar volume was fixed at φV ◦ = 20 cm3 mol−1 to yield agreement with the
data in Laliberte´ [09Lal]. However, this value conflicted with those recommended
by Krumgalz et al. (φV ◦ = 17.6 cm3 mol−1) and Marcus (φV ◦ = 17.7 cm3 mol−1).
By consulting the literature, the experimental results of Dunn [66Dun] were selected
as the most reliable at low concentrations. After updating the database to include
these data (and down-weighting the values from Laliberte´), a new model could be
optimised (Figure 3.12). The final agreement achieved between the new model and
the published model [96KPP] is gratifying.
3.5.2 Simulating activity coefficients at nearby temperatures
Since equations (3.3) and (3.4) (for the apparent molar relative enthalpy and appar-
ent molar heat capacity respectively) are related to the temperature derivatives of
equation (3.2) (for the activity coefficient), it is possible to simulate activity coeffi-
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Figure 3.12: Experimental and calculated values of the apparent molar volume of
CaCl2(aq) at 25
◦C. The solid line is calculated using the parameters of Criss and
Millero [96CrM]. The dashed line is the revised Pitzer model from the present work.
cients at temperatures other than T = 25 ◦C by correcting the values of β(0), β(1)
and Cφ for the change in temperature [78SiP, 96CrM].
Two scenarios for the prediction of activity coefficients at different temperatures
were considered (Table 3.5). In the first scenario the parameters β(0), β(1) and Cφ
were held constant at their 25 ◦C values (from [91Pit]). In the second scenario the
Pitzer parameters and their derivatives with respect to temperature (from Algorithm
3.1) were used. LiCl(aq) and CaCl2(aq) were chosen since there were data available
at several temperatures below 100 ◦C. Activity coefficients from a dynamic Pitzer
fit (Appendix D) were compared to the predicted values at various temperatures.
The predictions made using the temperature-independent parameters of Pitzer [91Pit]
(Scenario A) are poor at 50 ◦C and get steadily worse with increasing temperature.
The predictions in Scenario B are diverging from the experimental results at T
= 75 ◦C for LiCl(aq) and at 100 ◦C are just as poor as the predictions based on
temperature-independent parameters (though biased in the opposite direction). A
probable cause of this was the lack of apparent molar heat capacity data at concen-
trations above 2.5 mol kg−1, leading to poorly constrained temperature derivatives.
On the other hand, the calcium chloride activity coefficients are reasonably well
predicted even at 100 ◦C in Scenario B.
The predicted results are much better for CaCl2(aq) than for LiCl(aq). This reflects
one of the main limitations with this approach: there is no obvious way to know
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Table 3.5: Comparing predicted activity coefficients over a range of
temperature using the Pitzer equations. Scenario A compares pre-
dictions made using constant values of β(0), β(1) and Cφ [91Pit] to
correlations at the temperatures of interest. Scenario B compares
predictions where β(0), β(1) and Cφ vary with temperature, with tem-
perature dependence related to the apparent molar relative enthalpy
and apparent molar heat capacity at T = 25 ◦C, to correlations at
the temperatures of interest.
Scenario System m /mol kg−1 T /◦C rmsda biasb
A
LiCl(aq) 0.5–8.5 50 0.090 0.057
75 0.158 0.101
100 0.217 0.137
CaCl2(aq) 0.5–5.0 50 0.083 0.042
80 0.093 0.181
100 0.246 0.124
B
LiCl(aq) 0.5–8.5 50 0.018 -0.003
75 0.090 -0.045
100 0.208 -0.111
CaCl2(aq) 0.5–5.0 50 0.014 -0.006
80 0.020 -0.028
100 0.049 -0.042
a rmsd = [
∑
(yi(T )− yi(25))2/N ]1/2
b bias =
∑
(yi(T )− yi(25))/N
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how good the predictions will be for a particular system at a given temperature.
To represent accurately the properties of binary solutions over wider ranges of tem-
perature, it will be necessary to fit data spanning a wider range of conditions in a
thermodynamically-consistent way.
3.6 Summary
This work demonstrates that largely-automated computer facilities can incorporate
and harmonise thermodynamic data at T = 25 ◦C and p = 1 bar, producing regressed
models that can be conveniently updated, for example, to correct errors. In this way,
physicochemical property data for numerous strong electrolyte solutions have been
assessed and characterised in a manner that is considered significantly better that
has been available hitherto. Indeed, this capability is a prerequisite for dealing
later on with multicomponent systems (Chapters 5 and 6). The Pitzer equations
have been used to achieve sufficiently accurate characterisation of strong electrolyte
solutions up to moderate or high concentrations in an entirely general way and
shown to be applicable to over 140 binary electrolyte systems.
60
Chapter 4
Reliable characterisation of
thermodynamic properties of
binary electrolyte solutions under
non-ambient conditions
The characterisation in Chapter 3 of aqueous binary electrolyte solutions at T =
25 ◦C was generally successful; in this Chapter, the aim is to determine whether
physicochemical property data covering large ranges of temperature and pressure
can be modelled automatically with similar effectiveness using the Pitzer equations.
Compared to the number of binary electrolyte systems for which data are avail-
able at ambient temperature, those for which significant amounts of data have been
measured under non-ambient conditions is small. This paucity of data contrasts
with the importance in industrial and other applications of physicochemical proper-
ties of electrolyte solutions at higher temperatures (Chapter 1). There is therefore
considerable practical value in developing high temperature and pressure modelling
capabilities and the data processing which, inevitably, must precede them.
As outlined in Chapter 3, electrolyte solution models based on the Pitzer equa-
tions and dealing with data over a range of temperatures and pressures have been
published by many authors. Table 4.1 lists some of the most wide-ranging models
covering non-ambient conditions. Since non-ambient data mainly concern the major
sea-salts, the alkali metal halides and sulfates, these datasets provide the material
used to inform most of the literature models. It is noteworthy that many of the
recent models, especially those which are valid to high concentrations, use extended
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Table 4.1: Chemical systems described in the literature by multidi-
mensional Pitzer models
Electrolyte Conditions c Reference
HCl 298–647 K, 7–40 MPa, 0–2 mol kg−1 a [90SHB]
LiCl 0–250 ◦C, p∗, 0–6 mol kg−1 [83HoM]
Li2SO4 0–225
◦C, p∗, 0–3 mol kg−1 [86HoM]
NaOH 0–300 ◦C, <400 bar, 0–10 mol kg−1 [87PaP]
298–523 K, <40 MPa, 0–6.3 mol kg−1 b [89SMR]
NaCl 0–300 ◦C, 1–1000 bar, 0–5.5 mol kg−1 [82RoP]
0–300 ◦C, 1–1000 bar, 0–6 mol kg−1 [84PPB]
250–600 K, <100 MPa, 0–6 mol kg−1 b [92Arc]
250–600 K, <100 MPa, 0–6 mol kg−1 b [00ArC]
NaBr 260–623 K, <150 MPa, 0–8 mol kg−1 b [91Arc]
260–623 K, <150 MPa, 0–8 mol kg−1 b [95RaA]
NaNO3 236–425 K, p
∗, min(m∗, 25 m) b [00Arc]
Na2SO4 0–225
◦C, p∗, 0–3 mol kg−1 [86HoM]
0–200 ◦C, 100 bar, <1 mol kg−1 [86PhP]
KOH 273–573 K, p∗, 0–m∗ b [96LiP]
KF 298–473 K, <30 MPa, 0–2.5 mol kg−1 [01DaP]
KCl 0–250 ◦C, p∗, 0–6 mol kg−1 [83HoM]
273–573 K, <500 bar, 0–4.5 mol kg−1 [88PaP]
260–420 K, p∗, 0–m∗ b [99Arc]
K2SO4 0–225
◦C, p∗, 0–2 mol kg−1 [86HoM]
0–225 ◦C, 300 bar, 0–0.65 mol kg−1 [99DaP]
271–500 K, p∗, 0–2.5 mol kg−1 b [02PAR]
CsCl 0–250 ◦C, p∗, 0–6 mol kg−1 [83HoM]
Cs2SO4 0–225
◦C, p∗, 0–6 mol kg−1 [86HoM]
BaCl2 273–523 K, <40 MPa, 4.1 mol kg
−1 b [97HSM]
MgCl2 273–473 K, p
∗, 0–1 mol kg−1 [87PPS]
273–523 K, <40 MPa, 5.9 mol kg−1 b [97HSM]
MgSO4 298–473 K, 20 bar, 0–3 mol kg
−1 [86PhP2]
0–200 ◦C, 100 bar, 0–0.25 mol kg−1 [86PhP]
CaCl2 25–200
◦C, p∗, 0–4 mol kg−1 [83PhP]
0–100 ◦C, 1 bar, 0–9 mol kg−1 b [85AnA]
273–473 K, p∗, 0–1 mol kg−1 [87PPS]
270–526 K, <40 MPa, 4.6 mol kg−1 b [97HSM]
273–573 K, p∗, m∗ b [05GrS]
Ca(NO3)2 298.15–373 K, 0.1 MPa, 0–8 mol kg
−1 b [00OFS]
SrCl2 273–473 K, p
∗, 0–1 mol kg−1 [87PPS]
273–523 K, <40 MPa, 5.5 mol kg−1 b [97HSM]
NdCl3 298–372 K, 0.1–0.5 MPa, 0–m
∗ b [04ORA]
a Ion-association model
b Various extended forms of Pitzer’s equations
c p∗ refers to saturation pressure, m∗ refers to the solubility limit
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forms of the Pitzer equations. Such equations have gained in popularity because
their additional parameters permit more accurate reproduction of available data. A
frequently-cited example of an extended equation set is due to Archer, who intro-
duced ionic strength dependence into the third virial coefficient, Cφ [91Arc]. Other
extensions to the Pitzer equations have been described, typically involving higher-
order virial expansions [85AnA, 91AnP] or ionic-strength dependent virial terms
[99PWR]. Extending the Pitzer equations provides greater mathematical flexibility
so that highly soluble electrolytes can be modelled over very wide concentration
ranges (e.g., [08SKN] and references within).
However, these benefits come with disadvantages. For datasets with gaps or noise,
improved correlation of existing data incurs the expense of decreased predictive
capability. Further, especially when the virial terms have nonlinear α coefficients,
the inclusion of extra Pitzer parameters makes the optimisation numerically more
complicated [94HBS, 96HoM, 99PWR]. Adopting non-standard Pitzer coefficients to
describe mixtures can also be problematic, leading to inconsistencies when different
models are combined [91ClW].
This Chapter describes the development of a computational facility for correlating
the thermodynamic properties of binary electrolyte solutions covering a range of
temperature and pressure conditions. Given the difficulties related to extended
versions of the Pitzer equations stated above, this work implements a general set of
Pitzer equation terms based on the standard form [73Pit, 91Pit].
4.1 Methods
The empirical terms chosen to represent the electrolyte solution properties over a
range of pressure and temperature were presented earlier (Section 3.2). These terms
were chosen not only because of their prevalence in the literature, but also because
they are implemented relatively easily (Section 2.2). The model implementation
was checked by a series of tests including numerical differentiation. Comparisons
were also made against the well-regarded Pitzer-based NaCl(aq) literature models
of Pitzer et al. [84PPB] and Archer [92Arc] (Table 4.2).
Even though Pitzer et al. and Archer used the Pitzer equations in their works,
an exact fit cannot be expected because: i) Pitzer et al. [84PPB] used a differ-
ent set of temperature- and pressure-dependent terms to that used in this work;
ii) Archer [92Arc] used an extended form of the Pitzer equations containing ionic-
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Table 4.2: Summary of fits to critically-reviewed NaCl(aq) models
Pitzer et al. [84PPB] Archer [92Arc]
Property 50% 90% 50% 90%
ln γ± 0.001 0.003 0.001 0.0035
φ 0.0005 0.002 0.0009 0.003
φV /cm3 mol−1 0.2 0.8 0.09 0.3
φCp /J(K mol)
−1 3.5 11
strength dependent third virial coefficients; and iii) both of these literature models
used correlations for the properties of pure water that have been superseded. In
spite of these differences, the present model reproduces the critically-reviewed sec-
ondary data satisfactorily over the range T = (0 to 300) ◦C, p = (1 to 1000) bar and
m = (0 to 6) mol kg−1. The agreement with the activity and osmotic coefficients
is very good (Figure 4.1). The apparent molar heat capacity values from Archer’s
model are, however, less well-represented. At high pressure, the change in φC◦p with
temperature differs from the change at lower pressures (Figure 4.2). A lack of exper-
imental data does not allow strictly definitive conclusions, especially regarding the
trends displayed at p = 100 MPa. However, the observed trend does not conform
with the behaviour of strong electrolytes predicted by Shock and Helgeson [88ShH].
Although highly accurate standard-state properties predicted by the Helgeson the-
oretical framework cannot reasonably be expected, these values have occasionally
been used to guide the Pitzer equations at high temperatures and pressures (e.g.,
Pabalan and Pitzer’s model of KCl(aq) [88PaP]).
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Figure 4.1: Activity coefficients for NaCl(aq) (as ln γ±) calculated from the model
of Pitzer et al. [84PPB]. (a) saturation pressure, (b) 100 MPa. T /K = 298.15
(@), 373.15 (F), 473.15 (A), and 573.15 (E). Dashed lines are from the present
model.
The key objective of the current modelling capability is to automate as much as
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Figure 4.2: The standard state apparent molar heat capacity φC◦p calculated from
the NaCl(aq) model of Archer [92Arc]. p /MPa = 10 (short-dashed line), 40 (long-
dash) and 100 (solid).
possible the process of assessing the thermodynamic consistency of data from various
sources in the literature. The process by which this occurs is inherently iterative:
the identification and removal from the dataset of significantly outlying data tends
to reveal lesser outliers which may also need to be removed. Of course, the decisions
regarding which data to remove and when to stop iterating are subjective.
These subjective decisions are aided by determining the residuals between the model
and the data. If the maximum weighted residual exceeds a certain threshold, the
datum is probably anomalous. Similarly, large values of the chi-square objective
function tend to arise when data are discrepant. However, neither of these statistical
properties is guaranteed to identify aberrant data because different datasets exhibit
particular individual characteristics. Hence, visual inspection of the residuals has
been used as another method to identify inconsistencies. The main disadvantage of
visual inspection compared to the metrics-based approaches is that it is considerably
more time-consuming. For this reason efficient methods of visualising physicochem-
ical property data have been sought in this work, and a closely-integrated plotting
facility has been developed (Appendix D).
Unfortunately, although inspecting the residuals can reveal unwanted trends such
as cycling, even careful examination of the residuals cannot identify all problems
inherent in the model because the residuals reveal only how the model copes with
existing data. While this is important, it is also desirable that the model produces
well-behaved and physically-realistic interpolations and extrapolations. Assessing
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these qualities of the model is even more time-consuming; a problem which is exac-
erbated by the multidimensional nature of the optimisation.
Among the challenges associated with optimising multidimensional data, the verifi-
cation of correct thermodynamic trends is especially problematic. Mao and Duan
[08MaD] reviewed several density models for aqueous chloride salt solutions and
found that the published models frequently displayed physically unrealistic be-
haviour. In particular, the CaCl2(aq) density model of Safarov et al. [05SNS]
reached a local maximum near m = 4 mol kg−1 and a local minimum near m = 5
mol kg−1 at certain temperatures; and the model of Pabalan and Pitzer for KCl(aq)
[88PaP] showed the density decreasing with increasing pressure at certain temper-
atures and concentrations. In the case of Pabalan and Pitzer, this is especially
worrying considering the efforts made to ensure correct behaviour of the apparent
molar volume in the limit of infinite dilution by using the equations of Tanger and
Helgeson [88TaH].
To facilitate rapid and automated optimisation, the equation set consists of a rela-
tively small number of temperature- and pressure-dependent terms (equations (3.6),
(3.8) and (3.9)). A subset of these terms is selected by passing the available data
through an ‘expert system’, which checks the type and number of data being op-
timised. Avoiding over-parameterisation is a chief concern. While it is true that
certain aspects of over-parameterisation (such as co-linearity of the basis functions)
can be revealed when the SVD algorithm is used, it is better to identify the cause
of degeneracy and make appropriate deletions [92PTV]. A key aim of the expert
system is therefore to include pressure and temperature functions in the model only
when there are sufficient data to support them. For example, if there are data
at only 3 distinct temperatures, the expert system will choose at most 3 different
temperature terms in equation (3.6) to describe each parameter. If data at high
(T > 200 ◦C) or low temperatures (T < 10 ◦C) are present, terms can be included
that replicate the extreme property behaviour which typically occurs under these
conditions.
Values of thermodynamic properties calculated from published models, such as the
critically-evaluated NaCl(aq) results of Pitzer et al. [84PPB] and Archer [92Arc],
cannot be used alone to test the model selection process comprehensively, since they
occur on a regular grid of nodes (that is, there are no gaps) and they contain very
little noise. Consequently, it was necessary to test the optimiser using a primary
data source. The recently published density results of Al Ghafri et al. [12AMT] for
MgCl2(aq), CaCl2(aq), and KI(aq) provide excellent cases: the measurements extend
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to high temperature (up to T = 200 ◦C) and pressure (p > 600 bar), supplementing
existing literature data. Since the available datasets overlap in some places, the
values have also been used to estimate the magnitude of experimental error between
independent investigators.
Most of the density data for aqueous magnesium chloride solutions were found to be
coherent. Overall, more than 78% of the apparent molar volume data have residuals
within ±0.5 cm3 mol−1 and more than 92% of the data have residuals less than
1.0 cm3 mol−1 in magnitude. Hence, it can be concluded that the available data
are very well represented by the present model. The residuals of the experimental
apparent molar volumes from the model near particular temperatures and pressures
are shown in Figure 4.3. The agreement between different data sources at ambient
temperature is evidently close to 0.5 cm3 mol−1; while at higher temperatures, the
two main data sources (Obsˇil et al. [97OMH] and Al Ghafri et al. [12AMT]) have
differences in the measured apparent molar volumes of approximately (1.0 to 2.0)
cm3 mol−1.
The calcium chloride data are largely consistent and the present model achieves a
high-quality fit. More than 77% of the data have residuals within ±0.5 cm3 mol−1
and 91% are within ±1.0 cm3 mol−1. The residuals to the Al Ghafri et al. [12AMT]
data exhibit a systematic positive bias of around (0.2 to 0.5) cm3 mol−1. There are
several other sources of density data for calcium chloride solutions at high pressure
over a range of temperature. The bias exhibited by the Al Ghafri et al. data is
counter-balanced by the other high-pressure datasets (Figure 4.4). The differences
between nearby data from independent observers generally increase with increasing
temperature and pressure, but are typically (0.5 to 1.0) cm3 mol−1 (Figure 4.5).
For potassium iodide, it was necessary to remove terms from the model manually
since few data have been measured under superambient conditions. However, the
available data were well-represented. Almost 90% of the residuals were within ±0.5
cm3 mol−1. During initial fitting it was apparent that some of the Al Ghafri et
al. [12AMT] data at 0.9 mol kg−1 were systematically low by approximately 2 cm3
mol−1 when converted to apparent molar volumes. These data were retained in the
model-fitting but with reduced weight. The residuals of the remaining Al Ghafri et
al. data are mostly within ±0.4 cm3 mol−1 (Figure 4.6).
For each of these aqueous electrolyte systems, the differences in the apparent molar
volume measurements between independent investigators are typically between (0.5
to 2.0) cm3 mol−1. At moderate concentrations, the upper limit corresponds to a
difference in the experimental density of (0.4 to 0.5)%. The estimates of experimen-
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Figure 4.3: Differences between experimental apparent molar volumes for MgCl2(aq)
at high pressure and values calculated from the present model. Data sources are
[77CEM] (A), [85GaW] (E), [97OMH] (F) and [12AMT] (@). (a) 10 MPa, 298
K; (b) 30 MPa, 298 K; (c) 10 MPa, 373 K; (d) 30 MPa, 373 K; (e) 10 MPa, 448
K; (f) 30 MPa, 448 K.
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Figure 4.4: Quartile plot of the differences between experimental apparent molar
volumes of CaCl2(aq) and values calculated by the present model at high pressure.
From left to right: Gates and Wood (1985) [85GaW], Gates and Wood (1989)
[89GaW], Oakes et al. [95OSB], Safarov et al. [05SNS], Al Ghafri et al. [12AMT]
Table 4.3: Stated uncertainty in solution density measurements at high temperature
and pressure
Electrolyte Reference Uncertainty
MgCl2 [97OMH] 0.1%
[12AMT] 0.05%
CaCl2 [85GaW] 0.02%
[89GaW] 0.02%
[95OSB] 0.04%
[05SNS] 0.02%
[12AMT] 0.05%
tal uncertainty stated by the investigators are shown in Table 4.3. These uncertainty
estimates are significantly smaller than the differences between measurements of the
same property by independent investigators. This over-optimism regarding the size
of experimental errors, as reported by even the best investigators is important and is
not sufficiently-well recognised in the literature. It has implications in this work on
both the assignment of uncertainty to data, and the determination of best-fitting
model parameters.
This analysis of Al Ghafri et al.’s data demonstrates convincingly the advantages
of having automated facilities for modelling electrolyte physicochemical properties
and for the graphical representation of results. This has allowed not only the assess-
ment and rapid adoption of a new large set of important data but also the realistic
estimation of experimental errors needed so badly for the objective evaluation of
theoretical frameworks, such as that of Pitzer.
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Figure 4.5: Differences between experimental apparent molar volumes for CaCl2(aq)
at high pressure and values calculated from the present model. Data sources are
[85GaW] (E), [89GaW] (+), [95OSB] (F), [05SNS] (A) and [12AMT] (@). (a) 10
MPa, 298 K; (b) 20 MPa, 298 K; (c) 60 MPa, 298 K; (d) 10 MPa, 398 K; (e) 20
MPa, 448 K; (f) 40 MPa, 473 K.
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Figure 4.6: Differences between experimental apparent molar volumes for KI(aq)
and values calculated from the present model against temperature. The source of
data is Al Ghafri et al. [12AMT]. Larger symbols denote higher concentration,
thicker symbols denote higher pressure.
4.2 Results
It is desirable to analyse data and obtain parameters for as many electrolytes as
possible over as wide a range of conditions as possible. A total of 29 binary elec-
trolyte solutions were identified having sufficient data available to make viable an
optimisation of their thermodynamic properties. Even so, 18 of these systems have
few or no usable data for either enthalpy, heat capacity or volume. The results
are summarised in Table 4.4. The upper concentrations were chosen either as the
limit of data availability, or to be as close as possible to the value obtained by the
automated procedure (Algorithm 3.1) at T = 25 ◦C [11MRH]. Each electrolyte
was optimised iteratively in order to correct or down-weight large outliers in the
database. The general quality of the model results were determined by examining
the residuals between the models and the data.
A detailed assessment of the model results can be achieved by visual inspection of the
calculated physicochemical properties. However, because this is a time-consuming
process, alternative approaches for judging the accuracy of the models have been
considered.
Since the present work concerns a relatively large number of electrolyte solutions,
it is possible to test the inter-consistency of the derived infinite-dilution apparent
molar quantities using the thermodynamic principle of additivity [97Mar]. For each
electrolyte, φV ◦ values are calculated at p = 1 bar and T /◦C = (0, 25, 50, 75, 100).
The ions NH+4 , Ba
2+, Sr2+, F− and I− are present in only one electrolyte, so these
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Figure 4.7: Comparison between standard-state apparent molar volumes for indi-
vidual electrolytes and values based on additivity of the component ions. The solid
line shows exact correspondence; the dashed lines show ± 2.0 cm3 mol−1. T /◦C =
0 (F), 25 (@), 50 (A), 75 () and 100 (*).
electrolytes are mathematically uninformative and therefore incapable of being used.
By convention, φV ◦H+ ≡ 0 cm3 mol−1 at all temperatures and pressures. Values of
φV ◦ for the remaining ions are obtained by splitting the electrolyte apparent molar
volumes into ionic contributions while minimising the total absolute deviations from
additivity.
The deviations between the Pitzer-derived apparent molar volumes φV ◦Pitzer and the
additivity-based values φV ◦addiv are shown in Figure 4.7. The extrapolations at T =
100 ◦C appear inaccurate for a number of electrolytes. However, the most remarkable
results are the large deviations for Cs2SO4(aq) and Li2SO4(aq). Plots of the apparent
molar volume data at T = 25 ◦C and the Pitzer model are shown in Figure 4.8. With
few or no data to constrain the model at low concentrations, the extrapolated results
are evidently poor.
This is at present a major limitation of the automated processing capability. It
is worrying that the Pitzer function terms show so little regard for the theoretical
Debye-Hu¨ckel slope at low concentrations. The main implication is the unsuitability
of the Pitzer framework for the automated analysis of electrolyte solution data with
significant gaps at dilute concentrations.
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Figure 4.8: Experimental and calculated values of the apparent molar volumes of
(a) Li2SO4(aq); and (b) Cs2SO4(aq), at T = 25
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model in the present work.
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Table 4.4: Multidimensional Pitzer equation optimisation results
Electrolyte T /◦C p /bar m /mol kg−1 N a χ2dof
b O/Pc
HCld 0–250 1–409 9 3098 1.2 55/66
HBrd,e 0–75 1 10 556 0.2 24/28
HClO4 0–100 1–5 8 1742 1.4 29/33
LiOHd,e 0–255 p∗ 5 1194 1.0 33/45
LiCl 0–300 1–404 8 2862 1.5 57/66
Li2SO4
d,e,f 0–200 p∗ 3.2 1149 3.7 32/43
NaOH 0–300 1–412 11 4886 2.9 59/66
NaCl 0–300 1–1000 6.4 70283 1.3 60/66
NaBr 0–300 1–1000 9 8564 1.6 59/66
NaClO4
d,e 0–100 1–382 10 2059 3.6 38/50
KOHd 0–200 p∗ 5.9 1608 2.2 33/37g
KF 0–200 1–304 10 2099 0.9 44/51
KCl 0–300 1–1000 8 3807 0.4 57/66
KBre 0–300 1–300 8.5 1979 0.9 47/55
KId 0–200 1–680 8 2077 0.2 41/51
KNO3
d 0–200 1–20 8 1381 1.1 39/49
K2SO4 0–225 1–306 2.5 1441 8.4 33/39
g
CsCld,e 0–100 1 11 1765 0.8 27/33
CsBrd,e 0–110 1 10.8 447 0.4 27/28
Cs2SO4
d,e,f 0–225 p∗ 6 1249 8.1 26/27
NH4Cl
e 0–250 1–350 7 1189 0.4 50/61
BaCl2 0–250 1–400 4.1 1382 4.2 54/66
CaCl2 0–250 1–680 6 6033 5.7 58/66
Ca(NO3)2
e 0–120 1–20 6 687 4.7 27/30
MgCl2 0–300 1–1000 6 4342 10.9 59/66
MgSO4
e 0–100 1 3.6 1832 6.6 29/29
SrCl2
d 0–200 1–400 5.5 901 3.4 44/57
Zn(NO3)2
d 0–150 1–165 7 787 2.2 30/33
Zn(ClO4)2
d 10–55 1 4.3 787 1.1 24/30
a Number of data points optimised
b Objective function value
c Number of non-zero parameters determined by SVD / number of model parameters
selected
d No or few enthalpy data
e No or few heat capacity data
f No or few volumetric data
g Model terms manually selected
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Figure 4.9: Apparent molar volumes of NaCl(aq) at T = 300 ◦C calculated from
the models of Rogers and Pitzer [82RoP] (solid lines) and Archer [92Arc] (dashed
lines).
4.2.1 Case studies
NaCl(aq) and KCl(aq)
Sodium chloride is the most extensively studied strong electrolyte in aqueous solu-
tions. Its properties have been the subject of a very large number of experimental
investigations and Pitzer-based models have appeared in the literature on numerous
occasions (see Table 4.1). It is instructive here to compare briefly some results of
these different modelling attempts.
Values of the solution density and apparent molar volume for NaCl(aq) at high
pressure and temperature are available from Pitzer and co-workers [82RoP, 84PPB]
and Archer [92Arc]. The differences between these correlations are generally small.
However, there are sizeable differences between the apparent molar volumes at high
temperature and pressures close to saturation (Figure 4.9). The present model
follows Archer’s model very closely, but Pitzer’s model deviates by up to ±4 cm3
mol−1 from both the present model and the work of Archer (Figure 4.10). Pitzer et
al. caution against the use of their model for pressures greater than 177 bar at high
temperatures, owing to the lack of experimental data available at the time of their
publication [84PPB].
Majer et al. [88MGI] have published apparent molar volumes based on their mea-
surements of solution density at high temperatures. Their results diverge from the
present model at m = 0.1 mol kg−1 (Figure 4.10(a)). However, the agreement with
the present work is excellent at m = 1.0 mol kg−1 (Figure 4.10(b)).
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Figure 4.10: Differences in calculated values of apparent molar volumes between
Pitzer et al. [84PPB] (dot-dashed line) or Archer [92Arc] (long-dashed line) and the
present model for NaCl(aq) at p = 200 bar. (a) m = 0.1 mol kg−1, (b) m = 1.0
mol kg−1. Experimental values from Grant-Taylor [81Gra] (F) and Majer et al.
[88MGI] (A) also shown.
Experimental measurements of the solution density, not included in the optimisation
of the present model, are also available. Grant-Taylor measured NaCl(aq) at p = 200
bar and high temperatures. The residuals between Grant-Taylor’s data and the
present model are approximately (-4 to -1) cm3 mol−1 in the apparent molar volume
(Figure 4.10). These differences are within the stated experimental uncertainty of
the data [81Gra]. Coxam et al. [91CQG] reported NaCl(aq) density at elevated
temperatures and pressures. With the exception of one notable outlier, the results
agree with the present model to within ±1.0 cm3 mol−1 at all temperatures (Figure
4.11(a)).
Potassium chloride is another well-studied salt. The high-temperature data in the
database concern the apparent molar heat capacity and a limited number of volu-
metric measurements. The other properties have data at lower temperatures, which
are predominantly well-correlated (e.g., Figure 4.12). Since no activity or osmotic
coefficient data at T > 100 ◦C were used in the optimisation, this system provides an
excellent example to test the predictive capabilities of the present model. Osmotic
coefficients were reported by Pabalan and Pitzer [88PaP] up to high temperatures.
Their results and those of the present model are compared in Figure 4.13(a). The
agreement is excellent up to T = 150 ◦C. However, the predicted values are sig-
nificantly lower in the high-concentration region at higher temperatures. Including
the simulated results of Pabalan and Pitzer in the database and re-optimising the
model gives the correlations in Figure 4.13(b). Where previously the lack of data
caused the fitting functions to behave poorly, the model is now well-constrained
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Figure 4.11: Differences between experimental apparent molar volumes of Coxam et
al. [91CQG] and the present models at p = 17.2 MPa. (a) NaCl(aq), (b) KCl(aq).
Results at m ≈ 1.0 mol kg−1 (F) and m ≈ 2.0 mol kg−1 (A).
-0.5
-0.4
-0.3
-0.2
-0.1
0
ln
 γ
-0.8
-0.7
-0.6
0.0 0.5 1.0 1.5 2.0
(m /mol.kg-1)1/2
Figure 4.12: Experimental and calculated values of the activity coefficients of
KCl(aq) (as ln γ±). T /◦C = 25 (@), 40 (A, shifted down by 0.05), 60 (E, down
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and reproduces the Pabalan and Pitzer fit to within the corresponding experimental
error.
The behaviour of the Pabalan and Pitzer model [88PaP] at high temperatures is
based predominantly on the isopiestic data of Holmes and co-workers [78HBM,
83HoM]. Since these data were not included in the present model, they too provide
an opportunity to test the consistency between the NaCl(aq) and KCl(aq) Pitzer-
based models of the present work. The differences between the isopiestic molalities
of KCl reported by Holmes et al. [78HBM] and those calculated using the present
model are shown in Figure 4.14. The stated experimental uncertainty for the mo-
lality of the dilute solutions is better than 0.4%, while higher concentrations are
reported to be accurate to better than 0.1% [78HBM]. In comparison with these
uncertainty estimates, the agreement between the present Pitzer-based model and
the data is acceptable at high concentrations and moderate temperatures. However,
there is a systematic bias in the dilute solutions; and the difference between the
model and the data at T = 445 K is around 0.8% of the isopiestic molality at all
concentrations.
Values of the solution density of KCl(aq) reported by Coxam et al. [91CQG] were
not included in the present model. The residuals of the apparent molar volumes from
the data are shown in Figure 4.11(b). The residuals are significantly larger than the
residuals for NaCl(aq), indicating a probable systematic error in the experimental
determination of the KCl density by these investigators.
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ative to NaCl(aq) reference) [78HBM] and values calculated from models in the
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NaOH(aq) and KOH(aq)
As sodium hydroxide is an important industrial chemical, a significant number of
data have been measured to determine its properties as a function of temperature
and pressure. An initial fit to the available data showed evidence that some literature
sources were thermodynamically inconsistent. In the process of adapting the dataset
to achieve a better fit with the present Pitzer equations, some or all data from
several sources were omitted from consideration or down-weighted (e.g., [72Kre,
84CaB, 89Lob, 92ZaA]). The remaining data are well-correlated by the model. For
example, 90% of the osmotic coefficient residuals are between -0.014 and 0.007. In
particular, the high-temperature results of Simonson et al. [89SMR] and Holmes
and Mesmer [98HoM] are in good agreement with the present model. The largest
remaining outliers are from the dataset of Hefter et al. [97HMM] at T = 80 ◦C and
the high-concentration critically-reviewed data at T = 25 ◦C [70RoS, 72HaW].
Other properties are also well-described. More than 90% of the volumetric data
agree with the model within ±1.5 cm3 mol−1 in the apparent molar volume. For the
apparent molar heat capacity, the majority of residuals are within ±20 J(K mol)−1.
Some data from Conti et al. [88CGP] and Schro¨dle et al. [08SKM] exhibit larger
deviations (up to 60 J(K mol)−1); however, these are probably within the experimen-
tal error of high-temperature measurements. The heat capacity results at T = 0 ◦C
from Simonson et al. [89SMR] deviate substantially from the present model also.
This is not too worrying an outcome, since these values are derived by extrapolating
Simonson’s model to low-temperatures. Simonson’s other simulated model results
are described predominantly within their experimental uncertainty. This is note-
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worthy considering that the Pitzer-based model of Simonson et al. incorporated a
β(2) parameter, which the present model does not.
Potassium hydroxide is also of economic importance [98HoM], but the number of
available data are much fewer than that for sodium hydroxide, especially at high
temperatures and pressures. Accordingly, the upper temperature limit of the model
is restricted to T = 200 ◦C. A number of instances of inconsistent data were found.
For example, the secondary volumetric dataset of Aseyev and Zaytsev [96AsZ] does
not vary smoothly with temperature; and the relative apparent molar enthalpy val-
ues from the NBS Tables [82WEP] do not agree with the activity and heat capacity
data from other works.
The model’s representation of the properties of KOH(aq) is acceptable. Most of the
activity and osmotic coefficient data are described within their associated uncer-
tainty. However, some of the activity coefficients from Harned and Owen [58HaO]
and Holmes and Mesmer [98HoM] deviate substantially from the model; and the de-
viations are in opposing directions. This reflects a lack of reliable activity coefficient
data for potassium hydroxide.
NaBr(aq)
The correlation of sodium bromide data by the general Pitzer model used in this
work is reasonably satisfactory. More than 90% of the osmotic coefficient data
are represented by the model to better than ±0.01. The data which are less well-
described are mostly confined to the high-temperature region. In particular, the
osmotic coefficients derived from isopiestic studies by Holmes and Mesmer [98HoM2]
are commonly higher than the calculated curves by 0.02 to 0.05 in the temperature
range T = (200 to 225) ◦C. This is considerably greater than the uncertainty of 0.013
assigned by Holmes and Mesmer. The difference appears to be due to disagreement
between the measurements of Holmes and Mesmer and the earlier (secondary) results
of Archer [91Arc], which the present model follows closely. Since there is a lack of
low-concentration data at high temperatures, part of the disagreement is probably
due to sensitivity in the extrapolation of experimental results to infinite dilution
[98HoM2].
Other physicochemical properties are very well-represented by the present model.
Over 90% of the available volumetric data agree with the model to within ±0.9
cm3 mol−1 in the apparent molar volume and approximately 90% of the apparent
molar heat capacity residuals are between ±20 J(K mol)−1. The density/volume
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data which show larger residuals are at low concentration [04ZNS], and high tem-
perature and pressure [89MIW, 91Arc]. The heat capacity data points which show
the largest deviations from the model are predominantly from the high-temperature
dataset of White et al. [87WGW]. However, the residuals are typically less than
the experimental error of the measurements.
CaCl2(aq)
The volumetric data for calcium chloride were well-described up to high temper-
atures and pressures by the present model (Section 4.1). However, an initial fit
of all available data for calcium chloride revealed that the standard Pitzer equa-
tions were unable to accurately correlate the activity and osmotic coefficients at
T = 300 ◦C. Most of the data at high temperatures were simulated from a version of
the Pitzer equations extending to the fifth virial term [05GrS]. Hence, the form of
the equations used in this work is not well suited to reproduce the property values
to high concentration; and it was decided to reduce the upper temperature limit to
T = 250 ◦C.
The volumetric data are then well-correlated, with 92% of the data having residuals
with magnitude less than 1.0 cm3 mol−1 (cf. Section 4.1, where 90% agreement was
achieved at this level).
Activity and osmotic coefficients are also then in reasonably good agreement. The
high-temperature osmotic coefficient datasets of Holmes and co-workers [94HBS,
97HSM] are in general well-represented. However, there is evidence of systematic
deviations occurring at the higher temperatures. The simulated results from the
model of Ananthaswamy and Atkinson [85AnA] also show systematic deviations
from the present model; and cycling of residuals is evident in this system, as has
been previously observed [10MRK].
The apparent molar heat capacities show some large systematic deviations. The
secondary data tables of Aseyev [96Ase] are mostly described to within ±15 J(K
mol)−1, but the fit at T = 0 ◦C is lower by approximately 30 J(K mol)−1. The
simulated results of Ananthaswamy and Atkinson [85AnA] display worrying flexing
behaviour and deviate by up to 60 J(K mol)−1 at the highest temperatures reported
in their work (T = 100 ◦C). Recent data (for example, [87WDG, 95SJL]) suggest
that their model is incorrect. The experimental results of White et al. [87WDG]
are highly scattered at low concentrations but agree with the present model at high
concentrations. However, at high temperatures the effects of incomplete dissocia-
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tion are not well-described by the Pitzer equations [85SBM], resulting in differences
between the apparent molar heat capacity data and the model which are larger than
the estimated uncertainty for T > 200 ◦C (e.g., [87WDG, 97HSM]). This point will
be elaborated below (Section 4.3).
MgSO4(aq)
Magnesium sulfate is the only 2:2 electrolyte for which significant numbers of data
are available at elevated temperatures. In particular, densities have been experi-
mentally determined up to T = 200 ◦C [86PhP, 07AAZ], and the apparent molar
enthalpy of dilution has been measured up to T = 150 ◦C [83MaW]. However,
unlike the relatively strong electrolytes described above, problems were encountered
when optimising high-temperature data using the standard Pitzer equations. First,
reliable data are lacking at low concentrations, making the determination of the
highly-correlated φV ◦ and β(2) parameters difficult. Second, the extent of associ-
ation of the electrolyte’s ions changes with temperature and this effect is poorly
reproduced.
When MgSO4(aq) has been modelled in the literature, these problems were ad-
dressed by calculating the apparent molar volume at infinite dilution based on
the better-known apparent molar volumes of NaCl(aq), Na2SO4(aq) and MgCl2(aq)
[86PhP]; or by setting the otherwise constant α2 to be proportional to the Debye-
Hu¨ckel coefficient for osmotic coefficients, in accord with theory [74PiM, 85ArW].
Making α2 a function of temperature complicates the Pitzer equations and is not a
strategy which can be employed generally to achieve high-quality fits. It was also
reported to have minimal effect on calculated property values at m < 0.1 mol kg−1
([91Pit] and references within). Accordingly, these methods have not been employed
in this work.
Instead, the optimisation of magnesium sulfate was limited to data measured at
temperatures less than T = 100 ◦C. Even so, the lack of data at low concentrations
proved problematic for determining the numerically-sensitive volume-based param-
eters. Hence, the automated model was altered to reduce the number of optimised
coefficients. This change, along with the decision to focus on a narrower range
of data, resulted in an accurate model that satisfactorily represents the available
data. More than 90% of the osmotic coefficient data have residuals between -0.008
and 0.015. Most of the residuals larger than this are due to differences in the re-
ported data. For example, the osmotic coefficients corresponding to solutions having
m = 3 mol kg−1 and T = 0 ◦C are reported as 0.975 [73Pla], 0.921 [85ArW] and
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0.978 [98ArR]; and for m = 3 mol kg−1 and T = 100 ◦C the reported values range
from 0.624 [98ArR] to 0.647 [85ArW]. Differences in the relative apparent molar
enthalpy are larger still: the reported values of Snipes et al. [75SME] at T = 80 ◦C
are approximately 3 kJ mol−1 less than those of Archer and Wood [85ArW]. Archer
and Wood attribute this error to incorrect extrapolation of the enthalpy data to
infinite dilution; but their efforts to recalculate Snipes et al.’s data still resulted in
large systematic errors [85ArW].
The volumetric data are well-correlated, with over 90% of residuals less than 1.1 cm3
mol−1 in magnitude. Most of the poorly-represented data come from the secondary
sources of Aseyev and Zaytsev [96AsZ] and Laliberte´ [09Lal], and from the dataset
of Abdulagatov et al. at T = 75 ◦C [07AAZ].
Overall, however, describing the physicochemical properties of MgSO4(aq) solutions
to higher temperatures appears to be beyond the capabilities of the standard Pitzer
equations employed in this work.
4.3 Discussion
The standard form of the Pitzer equations used in this work are particularly suscep-
tible to cycling of residuals when fitting high-concentration data (especially activity
and osmotic coefficients) [08Mil]. Albeit with considerable disadvantages in other re-
spects described earlier, the typical approach for limiting this effect is to increase the
number of virial coefficients used in the equations (for example, [85AnA, 99PWR]);
though the explicit modelling of speciation has also proved effective at representing
the properties of electrolytes to their solubility limits [97RaC, 98SFO].
Treating electrolytes that are not fully dissociated in general thus proves prob-
lematic using the Pitzer theoretical framework. The problem is not particularly
acute with 1:1 electrolytes at ambient temperatures [91Pit], but it is well known
that when large negative deviations from the Debye-Hu¨ckel limiting law occur in
2:1 electrolytes, agreement with experimental data improves if ion-pair formation
is explicitly included in the Pitzer model [84HMW]. For example, when treating
the properties of sulfuric acid, the HSO−4 complex must be recognised explicitly
[91Pit]. Unfortunately, the cases where it is necessary to include additional species
are rarely clear-cut: zinc and cadmium halides are strongly associated at moderate
concentrations but behave like strong electrolytes in dilute solution [79Pit].
The decreases in the dielectric constant of water and ion-hydration with increasing
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temperature tends to promote ion pairing [91Pit], meaning that the number of sys-
tems where strong association might be expected increases greatly. For example,
there is ample evidence for ion-pair formation in calcium chloride solutions at high
concentrations ([99PWR] and references within). In this work, the difficulties en-
countered when attempting to model CaCl2(aq) and MgSO4(aq) may be related to
the increased tendency toward ion-pair formation at high temperatures. However,
including explicit ion-pairing in the Pitzer equations means introducing a significant
number of extra parameters to describe the chemical equilibria [85ArW], and makes
the process of determining the solution properties considerably more complicated
[79Pit, 99PWR]. Further, it is advantageous to treat electrolytes as fully disso-
ciated to avoid introducing species with ambiguous molality into already complex
calculations of mixed electrolyte solution properties [99PWR].
As previously acknowledged (Section 3.1.1), the assignment of uncertainties to data
is difficult to automate. Using the uncertainties given alongside the experimental
results is not tenable, since the combined expanded uncertainty (taking into account
the quality of the samples used, the experimental method, and other factors) is of-
ten significantly larger than the error estimates reported by investigators [05DCY].
The simple method of assigning uncertainty to literature datasets (Section 3.1.1)
worked reasonably well; however, several areas for improvement could be identified.
In particular, data at high temperatures have larger experimental errors — com-
monly one order of magnitude larger [82RoP] — than data measured under ambient
conditions. Hence, the uncertainty assigned to high-temperature data should be
significantly greater than the corresponding uncertainty for ambient temperatures.
A method to obtain conveniently estimates of the relative uncertainty in physico-
chemical properties such as the apparent molar volume and apparent molar heat
capacity might be to use the magnitude of the Debye-Hu¨ckel slope at the same tem-
perature and pressure of the experimental measurement. The Debye-Hu¨ckel slope
increases greatly at elevated temperatures, as does the typical experimental error in
the apparent molar quantities, so scaling the estimated error in proportion with the
Debye-Hu¨ckel slope would be convenient and relatively objective.
Describing the standard state (infinite dilution) apparent molar quantities is prob-
lematic using the Pitzer theoretical framework. The parameters are highly corre-
lated, so, in order to determine meaningful standard-state properties, accurate data
must be available at low concentrations. However, low-concentration heat capac-
ity and volume data are particularly subject to large experimental errors. Hence,
the derivatives of Pitzer parameters with respect to temperature or pressure are
commonly set to zero. This is especially true for high-valence electrolytes, such as
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MgSO4(aq), since the additional β
(2) parameter is also strongly correlated with the
standard state quantities. The strategy adopted by Phutela and Pitzer [86PhP2]
constrained the standard state apparent molar volume of MgSO4 using the alge-
braic relation involving the standard state volumes of NaCl, Na2SO4 and MgCl2.
Unfortunately, this method is not applicable in general: very few electrolytes are
sufficiently well-described to provide a basis for the calculation of the standard state
properties of related electrolytes. Further, it implies that there exists a preferred
sequence in which to optimise the electrolytes; which is at odds with the tenets of
general, updatable modelling.
An alternative approach would be to introduce a better theoretical basis for the
standard state properties. Pabalan and Pitzer [88PaP] used the equations of Tanger
and Helgeson [88TaH] to guide the behaviour of the KCl(aq) standard state apparent
molar volumes under superambient conditions. However, the standard-state proper-
ties calculated using the Helgeson framework are only qualitatively correct (Chapter
2), and the resulting model displayed non-physical density trends [08MaD].
Archer’s method — adopted in this work — replaces the parameterisation of the
apparent molar quantities at infinite dilution with a parameterisation of the solution
properties at high concentrations. While this avoids certain numerical complications
connected with describing the rapidly-changing standard state quantities, it does
not lessen the problems related to extrapolation of the equations to obtain infinite-
dilution property values.
The difficulties with obtaining reasonable values of the standard state apparent
molar quantities are indicative of the wider problems with the Pitzer equations. A
lack of accurate theory imposes an empirically-chosen set of functions. Empirical
functions, especially polynomials, produce edge effects and cycling of residuals, and
are known to extrapolate poorly. The Pitzer equations, even in the standard form
used in this work, contain too many concentration-dependent parameters that are
both highly correlated and sensitive to noisy data.
It is not widely appreciated that the process of weighting data for optimisation
in the Pitzer framework is exceedingly difficult. In the multidimensional space,
the assignment of relative weights to data for different properties has proved too
challenging a problem to automate. However, since the data for many electrolytes
are scattered and disparate, a complete manual assessment of the uncertainty is
prohibitive.
The practical consequence of this situation is that data weighting becomes highly
subjective, and it is inevitable that some data will be assigned excessively-high
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weights. Unfortunately, this is the exactly what the Pitzer theoretical framework
handles poorly. The “shamelessly” empirical nature of the Pitzer equations [10Fra]
and the highly correlated nature of its parameters (Appendix A) promote grossly in-
accurate functional representations that are prone to extrapolate unreliably. These
issues can be overcome through manual trial and error: the relative weights of
the input data can be increased or decreased; and the number and type of func-
tion terms can be altered both to improve the agreement with data and to provide
physically-realistic extrapolations in the contextually-important regions of the multi-
dimensional pressure and temperature space. However, the time required to achieve
this when considering the multiplicity of relevant systems is overwhelming.
4.4 Implications
An automated modelling facility for the Pitzer equations in their standard form,
parameterised with respect to temperature and pressure, has been successfully im-
plemented and tested against data for a large number of aqueous strong electrolyte
solutions. In many cases the experimental data were found to display large sys-
tematic differences between independent investigations. Cases where two different
literature sources provide conflicting data for the same property presented difficul-
ties: subjective judgement was used to decide which of the datasets provided the
more reliable statement of the electrolyte solution properties. The analysis yielded
parameters describing the activities, enthalpies, heat capacities and densities of so-
lutions as functions of pressure, temperature and concentration.
The agreement between the Pitzer models and the majority of experimental data
was impressive. However, certain limitations were identified. The models were fre-
quently restricted in terms of their applicable range of conditions. High temperature
data were especially problematic with electrolytes exhibiting strong association, a
well-known circumstance in which the Pitzer equations are ineffective. Further,
many of the parameterisations are based on limited or scattered data, meaning
that calculations of non-ambient properties are predominantly extrapolative, and
therefore inaccurate. This problem aﬄicts Pitzer-based literature models also, with
several correlations found to display non-physical trends. Especially where reliable
data at low concentrations are lacking, the Pitzer equations can over-fit noisy data
and produce poor extrapolative behaviour. At other times, the equations appear
to be under-parameterised and large systematic cycling of the residuals is evident.
Speciation changes at low concentrations in electrolyte solutions such as HF(aq) and
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H2SO4(aq) also cause difficulties for the Pitzer models (Section 3.5). These limi-
tations prevent truly general modelling of multicomponent mixtures using mixing
rules, since all of the binary electrolytes must be accurately described.
The Pitzer theoretical framework represents the most popular method of describing
the thermodynamics of strong electrolyte solutions. However, the present examina-
tion shows that this framework is deficient in some respects. The popularity of the
Pitzer framework perhaps is due more to a lack of viable alternatives, than to any
innate strengths. The present work shows however that using the Pitzer equations
it is simply not possible to reliably characterise the thermodynamic properties of
aqueous binary electrolyte solutions over wide ranges of pressure, temperature and
concentration: all that seems possible is to produce essentially purely empirical fits.
The Pitzer theoretical framework does not appear to have the generality, accuracy
or robustness that has been sought by solution chemists for over a century. It seems
that the way forward needs to focus on more fundamental theoretical approaches and
on controlling the propagation of uncertainties in reproducing the real experimental
data.
4.5 The Hu¨ckel equations as alternative to the
Pitzer equations
The mixing rule definition used in this work (Section 1.2.1) places no restriction on
the methods used to calculate the properties of their binary solution components.
The Pitzer equations have several undesirable characteristics which may affect the
accuracy of the predictions of the properties of mixtures (Section 4.3). Modelling
binary electrolyte solution properties using Pitzer equations is particularly prob-
lematic when data — especially at low concentrations — are limited or inaccurate.
At various times, the Pitzer equations seem both under- and over-parameterised
simultaneously: the coefficients in the second virial term, β(1) and β(2), are highly
correlated with other parameters in the model including the standard state quanti-
ties φV ◦ and φC◦p (Appendix A). Further, systematic cycling of residuals occurs for
many electrolyte solutions. Some binary electrolyte solution properties are not rep-
resented with sufficient accuracy by the common Pitzer equations despite numerous
adjustable parameters; reliable predictions of general multicomponent electrolyte
solution properties using mixing rules are thus precluded.
The problems related to over-parameterisation in the Pitzer framework can be alle-
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viated if a model with fewer degrees of freedom is used. An example of such a model
is based on the Hu¨ckel equations. Various forms of the Hu¨ckel equations have re-
cently been applied by Partanen to activity coefficients of many aqueous electrolyte
solutions (e.g. [09Par, 10Par, 11Par, 12Par, 12Par2]) and can be expected to yield
improved behaviour at low concentrations when data are scattered or sparse. For
this reason, a brief examination and development of the Hu¨ckel equation framework
was undertaken.
The Hu¨ckel equation for the logarithm of the mean ionic activity coefficient is
ln γ± = −3Aφ|z+z−|
√
I η(˚a
√
I) + Cm (4.1)
where a˚ and C are the Hu¨ckel parameters and η(x) = (1 +x)−1. Although only two
adjustable parameters, a˚ and C, are required for each electrolyte, a˚ is nonlinear in
nature. Therefore, nonlinear optimisation (Section 3.3.1) is necessary to obtain best-
fitting values for the coefficients. While this is more cumbersome than obtaining
the coefficients in the analogous Pitzer equation, respectable convergence can be
achieved for most electrolytes with initial values of a˚ and C around unity and zero
respectively.
Solving the Gibbs-Duhem relation (equation (2.5)) gives the consistent equation for
the osmotic coefficient:
φ = 1− Aφ|z+z−|
√
I σ(˚a
√
I) + Cm/2 (4.2)
where σ(x) = 3[1+x−(1+x)−1−2 ln(1+x)]/x3. Representative examples of the fits
to strong electrolyte data are shown in Figure 4.15. Although the Pitzer equations
give better agreement with activity and osmotic coefficient data, the Hu¨ckel equa-
tions could be extended with a second-order concentration term to give comparable
accuracy to Pitzer over wide concentration ranges [10PSP].
Combining equations (4.1) and (4.2) with that for Gex gives
Gex/ww = νmRT [Aφ|z+z−|
√
I(σ − 3η) + Cm/2]
Differentiation of the Gibbs energy (Chapter 2) yields the apparent molar relative
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Figure 4.15: Calculated values of activity coefficients (as ln γ±) from the Pitzer
(dashed curves) and Hu¨ckel (solid curves) equations. (a) NaCl(aq), (b) MgCl2(aq).
Symbols are experimental values.
enthalpy φL, apparent molar heat capacity φCp and the apparent molar volume
φV
φL = −ν|z+z−|
√
IfL − νRT
2
2
∂C
∂T
m (4.3)
φCp − φC◦p = −ν|z+z−|
√
IfJ − νRT
2
2
(
2
T
∂C
∂T
+
∂2C
∂T 2
)
m (4.4)
φV − φV ◦ = −ν|z+z−|
√
IfV +
νRT
2
∂C
∂p
m (4.5)
where the Debye-Hu¨ckel terms are
fL =
(
AL
4
(σ − 3η) + AφRT 2 ∂
∂T
(σ − 3η)
)
fJ =
{
1
4
[
AJ(σ − 3η) + 2AL ∂
∂T
(σ − 3η)
]
+ AφRT
2
[
2
T
∂
∂T
(σ − 3η) + ∂
2
∂T 2
(σ − 3η)
]}
fV =
(
−AV
4
(σ − 3η) + AφRT ∂
∂p
(σ − 3η)
)
Appropriate parameterisation of a˚ and C with respect to temperature and pressure
allows the simultaneous optimisation of isothermal and isobaric data for various
physicochemical properties. To this author’s knowledge, this is the first time the
Hu¨ckel equations have been applied consistently to volume and heat capacity data.
The Hu¨ckel equations have been applied to the same systems where the Pitzer
equations were used elsewhere in this work. Comparisons between the calculated
models and experimental data were made convenient using the facility described in
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Figure 4.16: Calculated property values from the Pitzer (dashed curves) and Hu¨ckel
(solid curves) equations. (a) apparent molar heat capacity of BaBr2(aq) [96Ase],
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Appendix D.
A key advantage of the Hu¨ckel equations compared to the Pitzer equations is the
reduced flexibility in the dilute concentration region. This is especially important
for treating apparent molar heat capacities and apparent molar volumes. In general,
accurate determination of standard state properties is limited by both the experi-
mental uncertainty and by the reliability of the extrapolation method. In particular,
cases where the data do not extend to concentrations where the Debye-Hu¨ckel lim-
iting law is valid or where ionic association is important are problematic [92FCJ].
Figure 4.16 compares the Hu¨ckel and Pitzer equation fits where the available data
are of poor quality and do not extend to low solute concentrations. The Pitzer equa-
tions produce curves that deviate significantly from the theoretical slopes except in
the very dilute (m < 0.001 mol kg−1) region (Figure 4.16a, inset and cf. Section
4.2). However, the extrapolations toward infinite dilution are much more physically
reasonable in the case of the Hu¨ckel equations. This feature has proved generally
useful in the assessment of data quality under conditions where the Pitzer equa-
tions are considered inherently unreliable. Unfortunately, making the value of the
a˚ parameter specific to each binary electrolyte means that the Hu¨ckel equations vi-
olate the cross-differentiation rule for mixed electrolyte solutions [70RoS, 72HaW].
For this reason, other approaches need to be considered for modelling electrolyte
solution mixtures.
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Chapter 5
Predicting the water activity of
mixed electrolyte solutions
5.1 Introduction
A key concept in modelling the properties of multicomponent electrolyte solutions
is to use simple mixing rules to predict the mixture properties based on the em-
pirical properties of the binary systems (Chapter 1 and [10RoM]). The advantages
of this approach are that solution properties can be estimated when the multicom-
ponent system has not been experimentally characterised and that relatively few
parameters are needed to describe the system’s thermodynamics. Since comprehen-
sive experimental characterisation of multicomponent mixtures over wide ranges of
temperature, pressure and composition is an impossibly large task, good theoretical
predictions are unavoidably required. The literature shows that considerable effort
has been directed toward the identification and validation of mixing rules. As a
result, multiple mixing rules have been described even for the same property.
In particular, since water activity is such a pivotal solution property, a large num-
ber of different mixing rules have been proposed for its prediction (Section 6.1).
Most of these use the concentrations of the binary electrolyte solutions so that the
water activity can be determined solely from the specified composition of the mix-
ture. However, an important exception is the ‘iso-activity’ rule, first proposed by
Zdanovskii [36Zda] and independently employed by Stokes and Robinson [66StR].
It is known in the literature variously as Zdanovskii’s rule [73CST], the Zdanovskii-
Stokes-Robinson rule [09Wan] or the iso-active/isopiestic rule [89CoV, 90DeF]. The
term Zdanovskii’s rule is used in this work.
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Although numerous claims have been made regarding the validity of Zdanovskii’s
rule [73CST, 89CoV, 93BAL, 97Rum, 04ClS, 09Wan], no systematic study appears
to have been performed. Such an investigation is described below. In particular,
deviations between the measured and predicted osmotic coefficients are compared
with likely estimates of the experimental error.
5.2 Theory
According to Zdanovskii’s rule, solutions having equal water activity, when mixed
in any proportion, produce a solution with the same water activity [36Zda]. Stated
another way, solutions with equal water activity should exhibit no net effective
interaction when mixed. That is, changes of solvation between the dissolved com-
ponents on mixing are apparently absent or cancel out. Since interactions between
solute and solvent occur and are important in binary solutions, while differences
in interactions between the solutes and the solvent in mixed solutions are not evi-
dent [66StR, 89Rar], the behaviour is termed ‘semi-ideal’. Algebraically, the rule is
written for a ternary mixture (two salts and the solvent) as
m1/m01 +m2/m02 = 1 (5.1)
where m1 and m2 are the molal concentrations of solutes 1 and 2 in the mixture
and m0i is the concentration of the binary solution of solute i (i = 1, 2) at the same
water activity as the mixture.
Zdanovskii’s rule has a remarkably broad applicability. It was based originally on
experimental observations on aqueous solutions, for which it has been claimed to
hold for numerous strong electrolyte mixtures [73CST]. Similar behaviour has also
been found in aqueous mixtures of nonelectrolytes [66StR], nonaqueous electrolyte
solutions [09Wan] and molten salt mixtures [89WZH, 93TYW]. In the latter cases,
where the solvent is not water, the equivalent but more general thermodynamic
property, solvent fugacity, is conserved [95ELO].
This generality is relevant because it indicates that Zdanovskii’s rule represents a
fundamental characteristic of solution mixing [90DeF, 06May]. In contrast, mixing
rules employing constancy of ionic strength (e.g., [73MeK, 76THN, 93PaK]) must
be reinterpreted to apply to solutions containing nonelectrolytes [73CST, 10YLT].
To calculate the water activity of a multicomponent solution given its composition,
an algorithm is required to locate the linear mixing path (equation (5.1)).
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Figure 5.1: Water activity against concentration for exemplar electrolyte and non-
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Figure 5.2: Mixing paths between two binary solutions having equal water activity
(solid line) and unequal water activities (e.g., dashed lines).
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5.2.1 Algorithm
Robust algorithms for predicting the water activity of multicomponent solutions
using Zdanovskii’s rule are made possible by the fact that the water activity of a
binary solution always decreases with increasing concentration of the solute (Figure
5.1). Two kinds of algorithms have been published, here called ‘forward’ and ‘in-
verse’ algorithms. In forward algorithms the concentrations of the binary endpoint
solutions are varied until the same value of water activity is calculated for each solu-
tion, to within a specified tolerance. At all stages the binary concentrations satisfy
equation (5.1). In inverse algorithms, the binary solution concentrations are cast
as functions of water activity, that is m0i = fi(aw) [97Tan], then a value for aw is
found such that
1−
∑
i
[mi/fi(aw)] = 0 (5.2)
(cf. equation (5.1)). The inverse algorithm offers computational advantages when
Zdanovskii’s rule is extended with empirical parameters [97Tan]. However, the
Pitzer equations cannot be used directly in the inverse algorithm making the forward
algorithm more convenient for the current work.
The steps making up the iterative portion of the algorithm used in this work are
[10RoM]:
Algorithm 5.1 Compute water activity of mixture using Zdanovskii’s rule forward
algorithm
1: Evaluate aw for each of the binary solutions at the initial concentrations, m0i
2: while aw values have not converged do
3: Obtain new binary concentrations, m0i, via Newton-Raphson update
4: Evaluate aw in each binary solution
5: end while
The procedure is illustrated in Figure 5.2: the dashed lines are known not to be
the Zdanovskii mixing path because the water activities at the endpoints differ.
However, the Zdanovskii mixing path can be found by repeatedly adjusting the
binary solution concentrations to reduce the difference between the water activities
of the end members. Hence, the Zdanovskii mixing path (Figure 5.2, solid line) can
be robustly determined.
The starting point for Algorithm 5.1 is the specification of the solute concentrations,
mi, in terms of neutral (usually electrolyte) components. For solutions comprising
two or more cations and two or more anions, a formula is required in order to
determine uniquely the constituent electrolyte concentrations (Section 5.2.2).
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The concentrations of the binary electrolyte sub-systems are initialised by assign-
ing an amount of solvent to each solute. In publications where the Zdanovskii’s
rule forward algorithm was used, all of the solvent was assigned to the component
having the highest molality in the mixture [73CST, 89CoV, 93BAL]. This method
works, but has poor convergence properties. An improved approximation is to dis-
tribute the solvent among the solutes in proportion to each solute’s osmolality in
the mixture. This initial estimate is equivalent to making the approximation that
the osmotic coefficients of the binary solutions are all equal [89Rar, 10RoM]. Better
approximations are possible when the particular mixture under consideration has
a similar composition to one whose water activity has been calculated previously
(Appendix C).
Algorithm 5.1 requires that the water activity of the constituent binary solutions
be available. The underlying method used for calculating the binary solution water
activity is unimportant, viz. the algorithm works in the same way irrespective of
whether the Pitzer equations or polynomial expansions (or some other method or
combination of methods) are used to describe the binary solution properties. Of
course, differences in the binary solution description cause changes to the predicted
mixture value but they do not affect the convergence of Algorithm 5.1, so long as
the monotonicity of the binary solution water activity functions with respect to the
solute concentration is maintained.
To estimate new binary solution concentrations, a system of equations is solved
using the Newton-Raphson method [92PTV]. This method is efficient and com-
monly used in thermodynamic equilibrium calculations [02CMB]. When applied as
part of Algorithm 5.1 it means that large multicomponent systems can converge
from distant initial approximations, even when the function derivatives are inexact
[10RoM]. However, if accurate derivatives and a good initial approximation are
used, the computational cost can decrease significantly [10RoM]. Efficiency is im-
portant particularly since it is intended that this technique be used in large-scale
environmental and industrial process applications. Various strategies which have
been implemented to improve the computational efficiency of Algorithm 5.1 are
described in Appendix C.
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5.2.2 Determining electrolyte concentrations in multicom-
ponent solutions
To avoid determining different values for the water activity of the same multicom-
ponent solution depending on which combination of the endpoint electrolytes is
chosen, so-called ‘component rules’ have been described, as discussed by Zhong and
Friedman [90ZhF]. These assign the concentrations of the neutral electrolyte combi-
nations uniquely, based on the total ionic concentrations, and are necessary because
in any mixture containing two or more cations and two or more anions, the amount of
each electrolyte solute (nMX) present cannot be determined unambiguously from the
concentrations of the ions [04ClS]. A particular rule which has yielded satisfactory
results [03CSE] is due to Reilly and Wood [69ReW]
nMX =
2nMnX
(
zM|zX|
νM(X)νX(M)
)1/2∑
c nczc +
∑
a na|za|
(5.3)
where nM and zM are the number of moles and algebraic charge of the cation M
respectively, and nX and zX are the analogous quantities for anion X. The summa-
tions are over all cations c and anions a in solution. Since any electroneutral solution
satisfies
∑
c nczc =
∑
a na|za|, this can be simplified to
nMX =
nMnX gcd(zM, |zX|)∑
c nczc
(5.4)
where gcd() is the greatest common divisor function and the relation νM(X) =
|zX|/gcd(zM, |zX|) is used to determine the number of MzM ions in the electrolyte
formula, along with the similar expression for νX(M). Applying this component rule
to mixtures of electrolytes, as is done in the present work, ensures that the solution
water activity obtained using Zdanovskii’s rule is calculated consistently, no matter
how the concentrations in the multicomponent system are specified.
5.3 Results
More than 120 ternary electrolyte solutions were investigated. This was possible
for mixtures at 25 ◦C (and 1 atm) because water activities/osmotic coefficients
for many binary electrolyte solutions have been experimentally well-characterized
and correlated using the Pitzer equations (Algorithm 3.1 and [11MRH]). Mixtures
containing electrolytes that are known to form associating species and/or are not
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well-correlated by the standard Pitzer equations (Chapter 3), for example, sulfuric
acid, were excluded.
Residual plots for all ternary mixtures were examined initially to identify outlying
or erroneous data. Some examples of inconsistencies are shown in Figure 5.3. The
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Figure 5.3: Examples of outlying osmotic coefficient data identified by examining
the residual plots for all ternary electrolyte mixtures in Table 5.1. Darkest/lightest
symbols represent mixtures with composition dominated by the first/second com-
ponents respectively. (a) LiCl + BaCl2 [10AER], (b) NaOH + NaCl [03FMM].
experimental water activity is plotted as the abscissa. This is an unconventional
choice. However, this is more convenient than, say, total molality or ionic strength,
as it means that the results of isopiestic measurements have the same abscissa value
and are more easily compared. The ionic strength fractions of the solutes in the
mixture are indicated by the colour and line width of the symbols: thin-lined symbols
with black colouring represent mixtures where the first named component dominates
the ionic strength, while thick symbols coloured light grey represent mixtures where
the second named component dominates the ionic strength. The arrows in Figure
5.3 show sets of points that lie well outside the trend of the majority of the data.
Although these systems have very large average deviations from Zdanovskii’s rule, it
is apparent that this cannot be taken as evidence of nonideal mixing. Unfortunately,
many ternary systems are similarly poorly characterised.
Table 5.1 shows the statistical results of the analysis. Mixtures are grouped accord-
ing to the type and number of ionic components. Agreement between the measured
osmotic coefficients and values predicted by Zdanovskii’s rule is expressed as the
root mean square difference (rmsd =
∑N
i=1[(φi−φzdan,i)2/N ]1/2, where φi and φzdan,i
are the experimental and predicted osmotic coefficient respectively and N is the
number of data points).
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Table 5.1: Survey of ternary aqueous mixtures tested
using Zdanovskii’s rule a
System Ref. N rmsd aw
HCl + NaCl [76THN] 10 (10) 0.11 (0.11) 0.9650–0.7910
HClO4 + LiClO4 [68RuJ] 15 (15) 0.006 (0.006) 0.9317–0.7609
HClO4 + NaClO4 [68RuJ] 36 (69) 0.013 (0.028) 0.9805–0.4444
LiCl + LiNO3 [08ErE] 30 (30) 0.032 (0.032) 0.9932–0.5179
LiCl + NaCl [71RWR2] 36 (36) 0.008 (0.008) 0.9826–0.7604
[04EBD] 39 (44) 0.017 (0.017) 0.9900–0.7113
LiCl + KCl [03EBD] 32 (45) 0.022 (0.027) 0.9901–0.7311
LiCl + CsCl [04EBA] 37 (42) 0.052 (0.055) 0.9900–0.5560
LiCl + NH4Cl [02EDM] 19 (21) 0.040 (0.047) 0.9900–0.7220
LiNO3 + NaNO3 [71RWR2] 26 (26) 0.013 (0.013) 0.9841–0.7627
LiNO3 + NH4NO3 [04MaE] 26 (30) 0.026 (0.028) 0.9934–0.5724
LiClO4 + NaClO4 [68RuJ] 30 (33) 0.012 (0.014) 0.9723–0.7715
Li(C2H3O2) + Na(C2H3O2) [71RWR2] 16 (26) 0.006 (0.020) 0.9846–0.7551
NaOH + NaCl [03FMM] 28 (47) 0.16 (0.17) 0.9680–0.4452
NaCl + NaBr [68CLR] 8 (8) 0.005 (0.005) 0.8946–0.8343
NaCl + NaNO3 [70BCR] 13 (13) 0.01 (0.01) 0.9670–0.8442
NaCl + KCl [61Rob] 51 (85) 0.008 (0.01) 0.9835–0.7553
[02DEM] 40 (47) 0.017 (0.016) 0.9935–0.7750
NaCl + CsCl [52Rob] 60 (60) 0.026 (0.026) 0.9845–0.7723
[82RaM] 110 (110) 0.031 (0.031) 0.9771–0.7718
[04EBA] 35 (40) 0.020 (0.022) 0.9903–0.7021
NaCl + NH4Cl [02DEM2] 21 (21) 0.011 (0.011) 0.9900–0.7770
NaCl + Pr4NCl [76APS] 28 (28) 0.030 (0.030) 0.9494–0.8438
NaBr + KBr [68CLR] 12 (12) 0.013 (0.013) 0.9629–0.8526
NaNO3 + NH4NO3 [05ElM] 31 (35) 0.054 (0.070) 0.9877–0.7049
KCl + KBr [68CLR] 12 (12) 0.002 (0.002) 0.9342–0.8580
KCl + KNO3 [70BCR] 8 (8) 0.003 (0.003) 0.9675–0.9430
[70APS] 44 (44) 0.010 (0.010) 0.9966–0.9348
KI + KNO3 [03GGT] 8 (12) 0.067 (0.055) 0.9560–0.9080
KNO3 + NH4NO3 [04ElM] 14 (25) 0.011 (0.050) 0.9878–0.7732
CsCl + NH4Cl [04EAB] 45 (60) 0.004 (0.027) 0.9904–0.6291
NH4Cl + NH4NO3 [05ElE2] 30 (30) 0.018 (0.018) 0.9935–0.7831
Li2SO4 + Na2SO4 [89FKV] 27 (27) 0.009 (0.009) 0.9604–0.8602
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Table 5.1: Continued
System Ref. N rmsd aw
Li2SO4 + K2SO4 [89FKV] 21 (61) 0.035 (0.070) 0.9636–0.8507
Li2SO4 + Rb2SO4 [89FKV] 25 (41) 0.059 (0.074) 0.9709–0.9110
Li2SO4 + Cs2SO4 [87FKV] 43 (46) 0.084 (0.090) 0.9710–0.8185
Li2SO4 + (NH4)2SO4 [02MED3] 24 (28) 0.014 (0.016) 0.9919–0.8180
Na2SO4 + K2SO4 [72RPC] 18 (18) 0.009 (0.009) 0.9880–0.9607
Na2SO4 + Rb2SO4 [89FKV] 24 (72) 0.021 (0.023) 0.9704–0.8431
Na2SO4 + Cs2SO4 [87FKV] 54 (72) 0.026 (0.074) 0.9653–0.7555
Na2SO4 + (NH4)2SO4 [02MED3] 28 (28) 0.010 (0.010) 0.9920–0.8511
Na2HPO4 + (NH4)2HPO4 [74Pla] 18 (22) 0.014 (0.022) 0.9962–0.9248
K2SO4 + Rb2SO4 [96KaR] 23 (23) 0.012 (0.012) 0.9800–0.9424
K2SO4 + Cs2SO4 [87FKV] 11 (22) 0.009 (0.14) 0.9653–0.8363
K2SO4 + (NH4)2SO4 [03EAM] 26 (29) 0.004 (0.004) 0.9921–0.9090
BaCl2 + ZnCl2 [87PaA] 117 (117) 0.047 (0.047) 0.9910–0.9025
CaCl2 + Ca(NO3)2 [71Pla] 9 (17) 0.027 (0.036) 0.9720–0.5301
CaCl2 + Ca(ClO4)2 [71RoL] 16 (26) 0.045 (0.068) 0.8601–0.2575
CaCl2 + CoCl2 [75Dow] 24 (30) 0.012 (0.013) 0.9015–0.6172
CaCl2 + MgCl2 [66RoB] 72 (72) 0.007 (0.007) 0.9853–0.6114
[05EAB] 36 (36) 0.058 (0.058) 0.9900–0.6030
[09Chr] 39 (39) 0.098 (0.098) 0.9275–0.4075
Ca(NO3)2 + Mg(NO3)2 [71Pla] 12 (15) 0.026 (0.026) 0.9771–0.6410
MgCl2 + Mg(NO3)2 [71Pla] 17 (23) 0.01 (0.022) 0.9744–0.5182
[99HaC] 20 (82) 0.075 (0.076) 0.8063–0.4285
[06ErE] 20 (30) 0.027 (0.060) 0.9906–0.2690
MgSO4 + MnSO4 [02EMD] 32 (32) 0.016 (0.016) 0.9961–0.8780
HCl + BaCl2 [76THN] 12 (12) 0.078 (0.078) 0.9750–0.9150
HClO4 + Ba(ClO4)2 [86Rus] 45 (60) 0.006 (0.009) 0.9792–0.5264
HClO4 + UO2(ClO4)2 [71RuJ] 54 (60) 0.009 (0.022) 0.9799–0.3316
LiCl + BaCl2 [72LRR] 34 (43) 0.004 (0.009) 0.9925–0.8118
[10AER] 19 (28) 0.53 (0.64) 0.9886–0.7084
LiCl + CaCl2 [99LYW] 30 (33) 0.013 (0.015) 0.9832–0.4694
[10AER] 34 (43) 0.083 (0.55) 0.9930–0.2490
LiCl + MgCl2 [10AER] 32 (34) 0.072 (0.14) 0.9810–0.4609
LiCl + NiCl2 [83LiT] 8 (8) 0.001 (0.001) 0.9785–0.9730
LiCl + Li2SO4 [08ErE] 19 (23) 0.021 (0.025) 0.9864–0.7717
LiNO3 + Li2SO4 [08ErE] 25 (30) 0.015 (0.014) 0.9864–0.7728
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Table 5.1: Continued
System Ref. N rmsd aw
Li2SO4 + LiSO4 [93ZYS] 51 (54) 0.015 (0.015) 0.9850–0.8594
NaCl + BaCl2 [65RoB] 48 (48) 0.003 (0.003) 0.9834–0.9042
[03EBD2] 19 (30) 0.022 (0.039) 0.9900–0.8191
NaCl + CaCl2 [66RoB2] 53 (53) 0.005 (0.005) 0.9824–0.7677
[04EAD] 31 (33) 0.079 (0.081) 0.9920–0.6821
NaCl + CoCl2 [75Dow] 27 (27) 0.010 (0.010) 0.9690–0.8161
NaCl + MgCl2 [68WRS] 15 (15) 0.003 (0.003) 0.9699–0.8229
[68Pla] 86 (87) 0.008 (0.008) 0.9963–0.7530
[87RaM] 261 (287) 0.006 (0.007) 0.9910–0.6592
[03DiM] 19 (19) 0.017 (0.017) 0.9900–0.7960
[05EAB] 31 (31) 0.007 (0.007) 0.9904–0.7993
NaCl + MnCl2 [73Dow] 90 (90) 0.016 (0.016) 0.9621–0.7703
NaCl + CuCl2 [76DoP] 36 (36) 0.015 (0.015) 0.9836–0.8416
NaCl + SrCl2 [78MWR] 45 (45) 0.002 (0.002) 0.9801–0.8513
[82RaM2] 88 (130) 0.006 (0.017) 0.8662–0.6588
[05CRM] 49 (49) 0.002 (0.002) 0.9835–0.8712
NaCl + FeCl3 [04RHM] 88 (88) 0.008 (0.008) 0.9700–0.8615
NaCl + Na2SO4 [68WRS] 15 (15) 0.016 (0.016) 0.9699–0.8229
[03RCP] 119 (119) 0.014 (0.014) 0.9951–0.8591
NaClO4 + Ba(ClO4)2 [88Rus] 55 (88) 0.017 (0.024) 0.9842–0.4877
NaClO4 + UO2(ClO4)2 [71RuJ] 36 (60) 0.009 (0.024) 0.9772–0.4815
Na2SO4 + MgSO4 [68WRS] 15 (15) 0.008 (0.008) 0.9862–0.9379
[81RaM] 14 (16) 0.014 (0.015) 0.9939–0.8424
[02MED] 24 (24) 0.011 (0.011) 0.9904–0.8770
Na2SO4 + CuSO4 [76DoP] 18 (29) 0.011 (0.015) 0.9913–0.9599
Na2SO4 + ZnSO4 [05MNM] 33 (33) 0.010 (0.010) 0.9840–0.9770
KCl + BaCl2 [65RoB3] 52 (52) 0.018 (0.018) 0.9753–0.9082
KCl + CaCl2 [68RoC] 57 (57) 0.027 (0.027) 0.9759–0.8491
KCl + MgCl2 [77PaS] 27 (27) 0.019 (0.019) 0.9787–0.8497
[85KuS] 75 (120) 0.020 (0.028) 0.9677–0.5535
[07MNT] 20 (36) 0.017 (0.041) 0.9839–0.7130
KCl + SrCl2 [74Dow] 72 (72) 0.029 (0.029) 0.9839–0.8526
KCl + FeCl3 [04RHM] 89 (89) 0.034 (0.034) 0.9700–0.8615
KCl + K2SO4 [72RPC] 19 (19) 0.003 (0.003) 0.9878–0.9505
KCl + K2HPO4 [11PMT] 47 (55) 0.01 (0.015) 0.9913–0.7788
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Table 5.1: Continued
System Ref. N rmsd aw
KNO3 + Mg(NO3)2 [92ToN] 40 (40) 0.009 (0.009) 0.9713–0.9449
K2SO4 + MgSO4 [85KuS] 72 (87) 0.055 (0.057) 0.9820–0.9017
[96ToN] 40 (40) 0.028 (0.028) 0.9909–0.9810
[02MED2] 22 (22) 0.013 (0.013) 0.9902–0.9380
CsCl + BaCl2 [72LRR] 49 (51) 0.027 (0.029) 0.9925–0.8781
NH4Cl + BaCl2 [94HuW] 12 (12) 0.003 (0.003) 0.9462–0.9144
[07ElA] 17 (27) 0.014 (0.023) 0.9866–0.8058
NH4Cl + CaCl2 [05DiM] 37 (39) 0.022 (0.025) 0.9856–0.7500
[07ElA] 32 (39) 0.073 (0.13) 0.9899–0.5629
NH4Cl + MgCl2 [07ElA2] 31 (36) 0.042 (0.052) 0.9900–0.6469
NH4Cl + (NH4)2SO4 [04ElA] 41 (51) 0.007 (0.010) 0.9865–0.7661
[09MiA] 59 (64) 0.008 (0.008) 0.9900–0.7438
NH4NO3 + Ba(NO3)2 [07ElM] 12 (17) 0.013 (0.015) 0.9975–0.9578
NH4NO3 + Ca(NO3)2 [07ElM] 41 (44) 0.010 (0.011) 0.9967–0.5917
NH4NO3 + Mg(NO3)2 [07ElM] 37 (41) 0.029 (0.028) 0.9967–0.5266
NH4NO3 + (NH4)2SO4 [05ElE] 26 (40) 0.032 (0.10) 0.9869–0.7983
(NH4)2SO4 + MgSO4 [03EMD] 37 (37) 0.006 (0.006) 0.9905–0.9405
Me4NCl + NiCl2 [83LiT] 8 (8) 0.043 (0.043) 0.9785–0.9730
BaCl2 + LaCl3 [06HFL] 28 (28) 0.009 (0.009) 0.9833–0.9142
CaCl2 + FeCl3 [04RHM] 77 (77) 0.008 (0.008) 0.9793–0.8604
MgCl2 + FeCl3 [04RHM] 77 (77) 0.008 (0.008) 0.9793–0.8604
MgCl2 + MgSO4 [68WRS] 14 (14) 0.015 (0.015) 0.9894–0.9297
[99HaC] 0 (62) 0.0 (0.26) 0.8090–0.4285
[08MNT] 44 (44) 0.015 (0.015) 0.9930–0.8737
Mg(NO3)2 + MgSO4 [95ToN] 40 (40) 0.027 (0.027) 0.9801–0.9396
[99HaC] 0 (57) 0.0 (0.24) 0.8086–0.4284
CuCl2 + CuSO4 [76DoP] 9 (28) 0.015 (0.015) 0.9898–0.9107
ZnCl2 + ZnSO4 [07NMT] 39 (39) 0.050 (0.050) 0.9783–0.9011
HCl + NaClO4 [76THN] 5 (7) 0.066 (0.096) 0.9640–0.5250
HCl + Ba(ClO4)2 [76THN] 4 (12) 0.20 (0.18) 0.9380–0.7200
LiCl + Na2SO4 [72Rob] 17 (17) 0.015 (0.015) 0.9889–0.8754
NaCl + KBr [68CLR] 8 (8) 0.014 (0.014) 0.8945–0.8479
NaCl + KNO3 [70BCR] 16 (16) 0.020 (0.020) 0.9645–0.9289
NaCl + K2SO4 [72RPC] 16 (19) 0.005 (0.005) 0.9867–0.9266
NaCl + MgSO4 [69WRS] 18 (18) 0.011 (0.011) 0.9818–0.8767
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Table 5.1: Continued
System Ref. N rmsd aw
NaCl + CuSO4 [76DoP] 18 (42) 0.009 (0.009) 0.9903–0.8581
NaBr + KCl [68CLR] 12 (12) 0.010 (0.010) 0.9336–0.8616
NaI + NH4Br [06LLH] 40 (40) 0.010 (0.010) 0.9924–0.8614
NaI + BaCl2 [06LLH] 28 (28) 0.015 (0.015) 0.9905–0.9087
NaNO3 + KCl [70BCR] 12 (24) 0.004 (0.011) 0.9768–0.8494
Na2SO4 + KCl [72RPC] 14 (20) 0.002 (0.002) 0.9693–0.9112
Na2SO4 + CsCl [72Rob] 16 (17) 0.014 (0.014) 0.9914–0.8248
Na2SO4 + MgCl2 [69WRS] 17 (17) 0.015 (0.015) 0.9862–0.8767
Na2SO4 + CuCl2 [76DoP] 9 (30) 0.009 (0.008) 0.9898–0.9107
KCl + MgSO4 [85SRK] 17 (43) 0.020 (0.036) 0.9788–0.8900
K2SO4 + Mg(NO3)2 [98TNM] 35 (35) 0.066 (0.066) 0.9894–0.9647
NH4Br + BaCl2 [06LLH] 31 (31) 0.011 (0.011) 0.9917–0.9077
CaCl2 + Mg(NO3)2 [71Pla] 22 (35) 0.025 (0.054) 0.9730–0.5180
Ca(NO3)2 + MgCl2 [71Pla] 18 (24) 0.036 (0.042) 0.9678–0.5280
a If N is given as 10 (20) then 20 total data were processed, but only 10 were within the valid
range of the Pitzer parameterization of the binary electrolytes (Chapter 3 and [11MRH]). If
the same dataset has rmsd given as 0.005 (0.020) then the 10 data within the valid range of
the Pitzer parameters were described with rmsd of 0.005, but the rmsd for the whole dataset
was 0.020.
The number of data, rmsd and the range of water activities (aw) are shown for each
dataset. The primary values for N and rmsd refer to the data whose water activity
was calculated without extrapolating beyond the upper concentration limit for the
binary electrolytes (Chapter 3, [11MRH]); secondary values (obtained when all the
data were analysed) are given in parentheses. While the rmsd values provide some
information about the agreement between the experimental results and Zdanovskii’s
rule predictions, crucially, they do not indicate whether the deviations are systematic
or random in nature. This needs to be done by graphical inspection.
It is important to bear in mind that deviations in the osmotic coefficient from the
Pitzer equations of 0.01 to 0.02 are common for concentrated binary electrolyte
solutions [91Pit]. The data for many ternary mixtures are more or less predicted
to within this limit. However, some datasets show deviations significantly larger in
magnitude (as shown, for example, in Figure 5.4).
For the mixtures Li2SO4 + Rb2SO4 and CaCl2 + Mg(NO3)2, the solutions having
intermediate composition fractions have consistently larger residuals than the so-
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Figure 5.4: Examples of ternary mixtures with large, systematic deviations from the
osmotic coefficient values predicted by Zdanovskii’s rule. Darkest/lightest symbols
represent mixtures with composition dominated by the first/second components
respectively. (a) Li2SO4 + Rb2SO4 [89FKV], (b) CaCl2 + Mg(NO3)2 [71Pla], (c)
HClO4 + NaClO4 [68RuJ], (d) KCl + CaCl2 [68RoC].
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lutions comprised predominantly of one salt. Such a pattern of residuals provides
credible evidence in favour of solute-solute interactions and the conclusion can be
drawn that the deviations from Zdanovskii’s rule are not artefactual. However, such
cases are exceptional.
In contrast, although the ternary mixtures HClO4 + NaClO4 and KCl + CaCl2
exhibit residuals of relatively large magnitude, their pattern implies that this is not
likely to be due to a failure of Zdanovskii’s rule. Rather, since large deviations are
evident even in the almost-pure solutions, it is clear that the model description of
the binary electrolyte solutions is inconsistent with the binary solution properties
implied by the ternary dataset. This effect is particularly likely to be observed with
mixtures containing a relatively low-solubility salt. For example, with K2SO4 +
Cs2SO4 mixtures [87FKV], the need to extrapolate well beyond the range in which
the water activity of K2SO4(aq) is adequately described by the Pitzer equations
1
contributes to the large rmsd for the complete dataset (Table 5.1).
Observed water activities may show deviations from Zdanovskii’s rule for many
reasons. Assessing whether Zdanovskii’s rule is accurate enough for practical appli-
cations is made difficult because most of the systems in Table 5.1 have only one data
source. This means that experimental errors caused by poor procedure or chemical
impurities could well cause deviations indistinguishable from nonideal mixing.
5.4 Case studies: independently measured sys-
tems
Fortunately, some ternary systems listed in Table 5.1 have been independently stud-
ied. These systems were examined to provide information about the extent to which
measurements of the same property can differ between experimenters. The systems
in question consist mostly of the major seawater ions: sodium, magnesium, potas-
sium, chloride and sulfate. Since the electrolytes formed from these ions are rela-
tively easy to handle, the measurement errors might be expected to be comparatively
small and the water activities of the binary solutions relatively well-characterised.
1Assuming Zdanovskii’s rule holds, water activity data for ternary systems containing a salt of
relatively low solubility can be used to estimate the water activity of that salt’s supersaturated
binary solutions, e.g. [73STL, 05NMT].
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NaCl + MgCl2
Sodium chloride and magnesium chloride comprise the majority of the electrolytes
dissolved in most natural waters. Accordingly, the properties of mixtures of these
salts have been very extensively studied.
Residual plots for each data source are shown in Figure 5.5. Wu, Rush and Scatchard
[68WRS] presented a small dataset which is well-represented by Zdanovskii’s rule.
Platford’s data [68Pla] and the large dataset of Rard and Miller [87RaM] are simi-
larly well predicted overall: at water activities greater than 0.81, Rard and Miller’s
data agree with Zdanovskii’s rule within ±0.005.
However, in more concentrated solutions — corresponding to the region in which
pure NaCl approaches saturation — there is a noticeable increase in Rard and
Miller’s osmotic coefficients [87RaM] relative to the predicted behaviour. While
this systematic effect is probably due to changing the experimental isopiestic refer-
ence from NaCl to CaCl2, in other cases unrecognised sources of systematic error
make quantification of the deviations from Zdanovskii’s rule problematic.
The dataset of Dinane and Mounir [03DiM], measured by the “hygrometric” method,
has a larger rmsd than the other datasets. The magnitude of random scatter evident
for this data seems to preclude any possibility that they can be sensibly used to assess
adherence of this system to Zdanovskii’s rule.
KCl + MgCl2
The available independent sources of KCl + MgCl2 data [77PaS, 85KuS, 07MNT]
are in reasonable agreement. The observed trends indicate that the osmotic coeffi-
cients predicted by Zdanovskii’s rule are consistently larger than the experimental
measurements (Figure 5.6).
Since the few experimental osmotic coefficient data reported at nearly identical con-
centrations tend to differ by 0.01 or less, it suggests that a non-negligible interaction
between the solutes is contributing to the deviation exhibited from Zdanovskii’s rule.
However, the actual likelihood of this remains unclear: a significant fraction of the
data lies outside the region where KCl(aq) could be characterised by the Pitzer equa-
tions due to solubility constraints, which might increase the size of the residuals at
low water activities.
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Figure 5.5: Differences between experimental osmotic coefficients of NaCl + MgCl2
and values predicted using Zdanovskii’s rule. Darkest/lightest symbols represent
mixtures with composition dominated by NaCl/MgCl2 respectively. (a) [68WRS],
(b) [68Pla], (c) [87RaM], (d) [03DiM].
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Figure 5.6: Differences between experimental osmotic coefficients of KCl + MgCl2
and values predicted using Zdanovskii’s rule. Darkest/lightest symbols represent
mixtures with composition dominated by KCl/MgCl2 respectively. (a) [77PaS], (b)
[85KuS], (c) [07MNT].
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Figure 5.7: Differences between experimental osmotic coefficients of NaCl + CsCl
and values predicted using Zdanovskii’s rule. Darkest/lightest symbols represent
mixtures with composition dominated by NaCl/CsCl respectively. (a) [52Rob], (b)
[82RaM], (c) [04EBA].
NaCl + CsCl
Residual plots for mixtures of sodium chloride and cesium chloride are shown in
Figure 5.7. Robinson [52Rob] measured the system at six different ionic-strength
fractions. Nonideal mixing is seemingly evident: at a given total molality, the
solutions with equal moles of each salt have the largest residuals.
Rard and Miller [82RaM] measured the system at only two different ionic-strength
fractions. Although their mixture compositions did not correspond exactly to any of
those used by Robinson (so the osmotic coefficients cannot be directly compared),
their analysis concludes that the Robinson’s osmotic coefficients are around (0.5 to
1.0)% too low [82RaM].
The dataset of El Guendouzi et al. measured by the “hygrometric method” [04EBA]
has lower rmsd values than the other literature sources (Table 5.1). However, the
osmotic coefficient values are more internally scattered and, therefore, appear to
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Figure 5.8: Differences between experimental osmotic coefficients of CaCl2 + MgCl2
and values predicted using Zdanovskii’s rule. Darkest/lightest symbols represent
mixtures with composition dominated by CaCl2/MgCl2 respectively. (a) [66RoB],
(b) [05EAB], (c) [09Chr].
be less reliable. Since the patterns of residuals for the more reliable datasets are
similar, it appears that these mixtures do deviate from Zdanovskii’s rule behaviour.
CaCl2 + MgCl2
The calcium chloride plus magnesium chloride system has been measured by three
groups. The data of Robinson and Bower (isopiestic method) [66RoB] have an
rmsd = 0.007 (Table 5.1), which is satisfactory. In contrast, the rmsd values of
the datasets of El Guendouzi et al. (“hygrometric method”) [05EAB] and Christov
(isopiestic method) [09Chr] are almost 0.06 and 0.1 respectively. Residual plots for
the datasets are shown in Figure 5.8.
The Robinson and Bower [66RoB] data are predicted extremely well by Zdanovskii’s
rule for water activities greater than 0.75. In this region, all of the residuals are
within ±0.01. At lower water activities, the MgCl2-dominated mixtures are less
109
well-predicted, with deviations up to 0.025 in magnitude. However, the CaCl2-
dominated solutions are well-represented across the entire range of water activity.
On the other hand, many of the residuals for the other datasets are greater than
±0.05 and display large scatter. Regarding the Christov data [09Chr], poor agree-
ment with the author’s own model suggests that the measurements are subject to
considerable random error.
It can be concluded that this system conforms with Zdanovskii’s rule for aw >
0.75 and that reported experimental data deviating from Zdanovskii’s rule can be
regarded as less reliable than the rule itself.
K2SO4 + MgSO4
The system potassium sulfate plus magnesium sulfate has received attention from
three different groups. The average deviations between the data and the predicted
osmotic coefficient values are 0.055 [85KuS], 0.028 [96ToN] and 0.013 [02MED2].
The residual plots for the three datasets are shown in Figure 5.9.
The pattern of residuals from Kuschel and Seidel’s [85KuS] data suggest that their
measurements are internally consistent. However, the residuals have large mag-
nitudes and neither the K2SO4- nor MgSO4-dominated solutions are particularly
well-predicted.
The data from Todorovic´ and Ninkovic´ [96ToN] fall within a small range of water
activity values, corresponding to reasonably dilute solutions. It is evident that
the solutions with K2SO4 as the principle component are apparently not in good
agreement with Zdanovskii’s rule. However, the solutions with greater amounts of
MgSO4 are increasingly well-predicted. This, and the differences between the two
datasets [85KuS, 96ToN], suggest that the deviations from Zdanovskii’s rule may
well be artefactual.
On the other hand, the dataset of Mounir, El Guendouzi and Dinane [02MED2] is
more internally scattered but has smaller residuals than the other literature sources.
Among these datasets, several measurements have been reported for solutions with
virtually identical compositions. For example, the osmotic coefficient of 0.4mK2SO4
+ 1.2 m MgSO4 (‘x’, Figure 5.9) is given as 0.561 [85KuS] and 0.650 [02MED2].
Similarly, 0.45 m K2SO4 + 1.35 m MgSO4 (‘y’, Figure 5.9) has 0.573 [85KuS] and
0.668 [02MED2]; and the mixture with 0.55 m K2SO4 + 1.65 m MgSO4 (‘z’, Figure
5.9) has 0.605 [85KuS] and 0.718 [02MED2]. In each of these cases, the differences in
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Figure 5.9: Differences between experimental osmotic coefficients of K2SO4 +
MgSO4 and values predicted using Zdanovskii’s rule. Darkest/lightest symbols rep-
resent mixtures with composition dominated by K2SO4/MgSO4 respectively. (a)
[85KuS], (b) [96ToN], (c) [02MED2]. The points denoted x, y and z show measure-
ments on ternary solutions with equal composition (see text).
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the measured osmotic coefficients is around 0.1 (i.e., greater than 10%), precluding
any sensible assessment of Zdanovskii’s rule. The situation must evidently remain
unresolved until more experimental results of sufficient accuracy become available
to provide better agreement between independent observers.
5.5 Discussion
There is a broad body of evidence in the literature supporting the generality of
Zdanovskii’s rule [06May]. For example, Hu and co-workers have used Zdanovskii’s
rule to predict a variety of physicochemical properties such as density [00Huy2]
and viscosity [10HZJ]. To all this can be added the findings of the present work:
Zdanovskii’s rule works very well with many systems; and there are only few mixed
electrolyte systems for which Zdanovskii’s rule decisively fails. To draw meaningful
conclusions in the cases where there is significantly greater disagreement between
the experimental reported osmotic coefficients and the Zdanovskii’s rule predictions
it is necessary to make a careful assessment of the source and magnitude of the
relevant experimental errors.
All else being equal, measurements of osmotic coefficients using the isopiestic method
should be reproducible to better than 0.3% [91RaP], that is, approximately 0.003
in φ. Other experimental techniques are generally less accurate: for example, the
so-called “hygrometric” method used by El Guendouzi and co-workers yields results
which are only reproducible to approximately 2% in moderately concentrated so-
lutions [10AER]. In practice, osmotic coefficients for many ternary solutions have
internal inconsistencies as great as 5%. Published data on the systems NaOH +
NaCl [03FMM], CaCl2 + MgCl2 [09Chr] and those by Teruya et al. [76THN] have
an internal scatter of 10% or more. This means that far fewer systems can be
evaluated for conformance with Zdanovskii’s rule than might be expected and that
caution is necessary before concluding that Zdanovskii’s rule is not being obeyed.
While single studies using the isopiestic method can achieve osmotic coefficients with
a precision of 0.3%, independent measurements tend to exhibit deviations that are
often considerably larger than this [91RaP], casting doubt on the level of accuracy.
The comparison of measurements from independent investigators examined in this
work suggests that the agreement between different sources generally varies from 1 to
10%, intimating that they are up to an order of magnitude worse than investigators’
own estimates of precision.
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Figure 5.10: Calculated mineral solubilities from Zdanovskii’s rule at T = 25 ◦C in
the ternary electrolyte systems: (a) NaCl + MgCl2 — halite (A), bischofite (@);
(b) MgSO4 + K2SO4 — epsomite (@), schoenite (F), arcanite (A). Filled symbols
mark the co-existence of two minerals. Data points from Linke [65Lin]. Chemical
potentials taken from Harvie and Weare [80HaW].
Insofar as the applicability of Zdanovskii’s rule to a given system can only be vali-
dated by measurements on that system [97Rum], the difficulties in accurately deter-
mining osmotic coefficients of ternary electrolyte solutions are problematic. Another
issue is the paucity of available experimental data. It is therefore particularly un-
fortunate that so many instances occur in the literature where data which could be
used to test Zdanovskii’s rule have not actually been included in the paper (e.g.,
[83MAM, 87CFS, 88MaA]).
The situation is even worse at temperatures other than 25 ◦C. Osmotic coefficient
data for mixtures at elevated temperatures are extremely limited [91RaP]; examples
are those of the Oak Ridge group [71BrB, 79HBM, 81HBM, 86SiP, 88HoM, 90HoM,
92HoM, 94HoM, 07GPS], Voigt and co-workers [90VDH, 90VHG, 91FGH, 92FGV,
95BrV, 96BrV] and others [96ShT, 97FGC, 07KKH]. Independent (replicate) mea-
surements at high temperatures are almost non-existent. The need for, and value
of, Zdanovskii’s rule to predict water activities under superambient conditions is
therefore all the greater.
Solubility data offer another way to investigate Zdanovskii’s rule. In principle
this provides a more rigorous test than that based on osmotic coefficients, since
the mean activity coefficients must also be calculated ([94HuW] and references
within). An example is predicting the saturation of halite (NaCl(s)) and bischofite
(MgCl2·6H2O(s)) in equilibrium with the ternary system NaCl + MgCl2 (Figure
5.10(a)). The agreement between the predicted solubilities and the data is good.
Unfortunately, in other cases the approach based on solubility proves unsatisfac-
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tory. The predictions of the solubilities of arcanite (K2SO4(s)), epsomite (MgSO4(s))
and schoenite/picromerite (K2Mg(SO4)2·6H2O(s)) in the ternary system K2SO4 +
MgSO4 show poor agreement with data (Figure 5.10(b)). The possible reasons for
the lack of agreement include the need to extrapolate beyond the range in which
the binary solutions were fit to data, uncertainty in the solubility products from
the literature and invalidity of the ‘semi-ideal’ mixing approximation inherent in
Zdanovskii’s rule. Future work may be necessary to clarify this situation. At present,
solubility data do not appear to be as useful or as convenient as osmotic coefficient
data for investigating Zdanovskii’s rule.
5.6 Summary
An automated method for the systematic study of Zdanovskii’s rule has been applied
to more than 120 distinct ternary (essentially) strong-electrolyte solution datasets.
It is problematic that so many of these datasets contained large internal inconsis-
tencies and blatant outliers. Further, some measurements reported by independent
investigators differed by more than 0.1 in the osmotic coefficient; strikingly worse
than the precision achieved in the individual programs of measurement. The agree-
ment between independent investigators must be much better than 0.1 to assess the
accuracy of Zdanovskii’s rule predictions, considering that when convincing evidence
for deviations from the rule exist — such as for NaCl + CsCl or KCl + MgCl2 —
the deviations are generally less than 0.08 in magnitude.
In light of its generality, Zdanovskii’s rule is potentially very valuable in solution
chemistry. Its success in predicting the water activities of solutions of disparate
electrolytes under ambient conditions is remarkable. This capability can be extended
not only to superambient conditions, but also to predictions of other physicochemical
properties, for example, density and heat capacity (Chapter 6).
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Chapter 6
A comparative investigation of
mixing rules for property
prediction in multicomponent
electrolyte solutions
The practical importance of multicomponent electrolyte solutions and the need to
predict their properties are described in Chapter 1. A common method to calculate
such properties is to use theoretical frameworks that incorporate ion-interaction pa-
rameters. For example, most importantly, those of Pitzer [91Pit] and of Scatchard
(in the form of ‘neutral electrolyte’ [61Sca] or ‘ion-component’ [68Sca, 70SRJ] equa-
tions). The respective abilities of the frameworks of Pitzer and Scatchard to repre-
sent the properties of electrolyte solutions have been compared many times (for ex-
ample, [74PiK, 78MWR, 82RaM2, 99PNT, 05MNM, 11SII]). In summary, the equa-
tions of the Scatchard theoretical framework contain a greater number of ternary
interaction parameters, and, when more parameters are used, the agreement with
data is better than Pitzer [74PiK, 05MNM]. However, the comparisons with data
tend to indicate that Pitzer’s equations represent experimental data more accu-
rately when the same number of ternary interaction parameters are employed in
each model [74PiK, 78MWR, 82RaM2]. Since the Pitzer equations also compare
favourably with the theoretical frameworks due to Guggenheim, Bromley and Meiss-
ner (Section 2.2 and Zemaitis et al. [86ZCR] with references therein), their usage
has become widespread for treating multicomponent electrolyte solutions [08Mil].
In the Pitzer theoretical framework, two adjustable parameters are required to de-
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scribe the interactions occurring in each common-ion ternary solution (in addition
to those required by the binary systems). These interaction parameters can be ob-
tained from relevant physicochemical data on ternary electrolyte solutions. While
most of the ternary solutions of industrial and environmental interest have been ex-
perimentally characterised under near-ambient conditions, data of sufficient quality
to provide meaningful ternary interaction parameters are, in general, rare [89Mon].
This underlines the need for good predictive capabilities.
To make accurate calculations of multicomponent electrolyte solution properties us-
ing the Pitzer theoretical framework, ternary ion-interaction parameters must be
obtained from very reliable data [89Mon]. A lack of accurate data for mixed elec-
trolyte systems, especially at high temperatures, means that approximate parameter
values are often used. A typical approximation is to set one or both of the ternary
interaction parameters to zero [76DoP, 86CGT].
Further complications arise if data are treated inconsistently. Ternary parameters in
particular must be derived from an analysis using the same conditions under which
the binary interaction parameters were determined and must have the same unsym-
metrical mixing terms used in their determination [82RaM2]. The appearance in the
literature of different parameter sets makes it exceedingly difficult to achieve a uni-
fied and thermodynamically-consistent set of interaction parameters for modelling
concentrated multicomponent solutions using the Pitzer theoretical framework.
Considering the problematic nature of ternary parameters in the Pitzer equations,
and the prohibitive cost associated with comprehensive experimental characterisa-
tion of multicomponent systems (Section 1.2.1), it is not surprising that methods of
calculating the properties of multicomponent electrolyte solutions without ternary
interaction parameters are seen as important. These methods have a long history,
dating back at least as far as the early 20th century [22Ste, 26RuK], i.e., around
the same time as the development of the Debye-Hu¨ckel theory of electrolytes. Since
then, considerable effort has been given to developing mixing rules (Section 1.2.1)
for various solution properties. The growing recognition of mixing rules has also
prompted comparisons with theoretical frameworks such as Pitzer’s. For example,
the Pitzer equations have been compared to Zdanovskii’s rule (Chapter 5) for cal-
culations of water activities in mixed electrolyte solutions [97CLZ, 06ClS, 06LLH,
06HeW, 07ElA, 07MNT, 11HZL], and to Young’s rule [54YoS] for volumes [91MBS]
and heat capacities [95SJL].
The development of different mixing rules has led naturally to comparisons between
them, usually in tests of their respective abilities to predict experimental data. The
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results of these comparisons are varied: in some cases a particular mixing rule is
found to yield improved agreement with data [89CoV, 93PaK, 01Huy, 08ISS]; yet
in other cases, no conclusively better rule has been found [73CST, 75TeL, 85MCV,
95Mil, 00Huy, 03Ten, 09Din, 10YLT]. Investigating this discrepancy motivates the
present work. This Chapter describes a systematic study of the inherent differ-
ences between mixing rules. Crucially, the magnitudes of the differences in the
mixing rule predictions are compared to realistic assessments of the uncertainty in
the corresponding experimental data. This is seen as a necessary prelude to fu-
ture development of an automated facility for the application of appropriate mixing
rules to multicomponent solution modelling. There is no intention to compare mix-
ing rule predictions with experimental data; indeed the following study shows that
such comparisons are generally beyond present experimental capability.
6.1 Theory
6.1.1 Apparent molar volume and heat capacity
One of the clearest and most succinct descriptions of empirically-verified linear mix-
ing is due to Young and Smith [54YoS], who found that “the mean apparent molar
volume of two electrolytes in an aqueous solution may be calculated from known
values of the apparent molar volume of each electrolyte in the binary solution whose
ionic strength is that of the ternary solution”1. This expression is outstanding for
its conceptual simplicity. Mathematically, this rule, hereafter referred to as ‘Young’s
rule for volumes’, has the form
φV = (m1
φV1 +m2
φV2)/(m1 +m2) (6.1)
where φV is the mean apparent molar volume of the ternary solution, m1 and m2
are the molal concentrations of the two electrolytes in the mixed solution, and φV1
and φV2 are the apparent molar volumes of the binary solutions (1 and 2) at the
same ionic strength as the mixture.
Young’s rule for volumes can be derived from the principle that the volumes of
electrolyte solutions having equal ionic strength, when mixed, are additive.
Let the volume V of a ternary mixture be given by the sum of the volumes of its
1Young and Smith [54YoS] report results for both mass-based and volume-based ionic strength.
In this Chapter, ‘ionic strength’ refers to the mass-based concentration variable, while the volume-
based ionic strength is termed ‘ionarity’ after Miller [95Mil].
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constituent binary solutions V1 and V2, that is,
V = V1 + V2 (6.2)
The volume of a binary solution of salt i containing wi kg of solvent and having
molality m0i is
Vi = wi(vw +m0i
φVi) (6.3)
where vw is the volume of 1 kg of pure solvent at the same temperature and pressure
as the solution. Using equation (6.3) in equation (6.2) gives
V = w1(vw +m01
φV1) + w2(vw +m02
φV2) (6.4)
The total amount of solvent is (w1 +w2) kg, so the molal concentrations of the salts
in the ternary solution are
mi = wim0i/(w1 + w2), i = 1, 2
Substituting this result into equation (6.4) and taking 1 kg as the total mass of
solvent, the volume of the mixture is
V = vw +m1
φV1 +m2
φV2 (6.5)
The so-called ‘mean’ or ‘experimental’ apparent molar volume of a mixed electrolyte
solution is [88HHT]
φV = (V − vw)/
∑
i
mi
Substituting equation (6.5) into the above yields
φV = (m1
φV1 +m2
φV2)/(m1 +m2)
which is the same as Young’s rule for volume (equation (6.1) and [54YoS, 95Mil]).
For an arbitrary number of solutes the mean apparent molar volume of a mixture is
given by
φV = (
∑
i
mi
φVi)/
∑
i
mi (6.6)
This expression can also be cast in terms of the density of the solutions (using
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equation (2.9))
(1000 +
∑
i
miMi)/ρ =
∑
j
(1000wj +mjMj)/ρj
where ρj is the density of the j
th binary electrolyte solution at the same ionic strength
as the ternary solution and Mj is the molar mass of solute j. This is equivalent to
the mixing rule derived by Patwardhan and Kumar [86PaK2, 93PaK].
Following the same principles as in the derivation of Young’s rule for volume, an
analogous relation for the mean apparent molar heat capacity φCp of mixed elec-
trolyte solutions can be developed
φCp = (
∑
i
mi
φCp,i)/
∑
i
mi (6.7)
where φCp,i is the apparent molar heat capacity of the binary solution of electrolyte
i at the same ionic strength as the mixture. This is Young’s rule for heat capacities
[95SJL]. Young’s rule can also be generalised to other apparent molar quantities,
for example, the apparent molar enthalpy, expansibility and compressibility (e.g.,
[73Mil, 75LeM, 76DLO, 82KAH, 85MiC] and references within).
6.1.2 Water activity
Numerous empirical mixing rules for the prediction of water activity in multicom-
ponent electrolyte solutions have been proposed in the literature. In addition to
Zdanovskii’s rule (see [36Zda, 66StR, 09Wan, 10RoM] and Chapter 5), there are ad-
ditive mixing rules for vapour pressure lowering [65RoB2, 70RoS] and water activity
[76THN], as well as multiplicative rules [73MeK, 86PaK, 93PaK], and an explicit
(that is, non-iterative) nonlinear equation approximating Zdanovskii’s rule [01All].
Each mixing rule is based on equations that define how the water activity of the
mixture is calculated (Table 6.1). In the case of Zdanovskii’s rule, the calculation is
indirect: the linear mixing path with endpoint solutions having equal water activity
must be located iteratively (Chapter 5). The other mixing rules use direct methods,
requiring the water activity of binary solutions at the same total concentration as
the mixture, for example, the same ionic strength or osmolality.
Allahkverdov’s mixing rule was developed most recently, so coverage of it in the
literature is less extensive than that for the other rules. However, it is considered
here, in spite of its nonlinear nature, because it purports to approximate Zdanovskii’s
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Table 6.1: Mixing rules in the literature for predicting water activity in mul-
ticomponent solutionsa
Mixing rule Representative equation References
Zdanovskii
∑
mi/m0i = 1, at constant aw [36Zda, 66StR]
Additiveb,c,d aw =
∑
yiaw,i [65RoB2, 76THN]
Multiplicativeb,c,d aw =
∏
ayiw,i [73MeK]
ln aw =
∑
yi ln aw,i [86PaK, 93PaK]
φ =
∑
hiφi [74LiS, 87RaM]
Allahkverdovc,e φ =
∑
hiφi/(1 + r), where [01All]
r =
∑
i
∑
k>i hihk(1/φi − 1/φk)2
a aw and φ are the water activity and osmotic coefficient of the mixture respectively; aw,i
is the water activity in a binary solution having the same ionic strength as the mixture
b The additive and multiplicative rules are each special cases [74SaL] of the osmotic
coefficient predictive equation [71RWR] (Section 6.1.2)
c yi is the ionic-strength fraction of solute i in the mixture; hi is the osmolality fraction
of solute i in the mixture
d Binary properties evaluated at the same ionic strength as the mixture
e Binary solution osmotic coefficients evaluated at the same osmolality as the mixture
rule without requiring an iterative calculation.
The multiplicative and additive mixing rules share a common basis [74SaL]. Con-
sider the equation for the osmotic coefficient of a ternary mixture [74LiS, 87RaM]
φ = (ν1m1φ1 + ν2m2φ2)/(ν1m1 + ν2m2)
= h1φ1 + h2φ2 (6.8)
where hi = νimi/(ν1m1 + ν2m2) is the osmolality fraction of solute i. This equa-
tion is actually a simplification of Scatchard’s neutral electrolyte expression [61Sca],
omitting ternary interaction parameters [95Mil]. Substituting the relations ln aw =
−Mw(ν1m1 + ν2m2)φ and ln aw,i = −Mwνim0iφi (i = 1, 2) into equation (6.8) yields
the relation [86PaK, 93PaK]
ln aw = (m1/m01) ln aw,1 + (m2/m02) ln aw,2 (6.9)
The other form of the multiplicative mixing rule [73MeK] is obtained by exponen-
tiating this result. The additive mixing rule for water activity [76THN] is obtained
from equation (6.9) by making the approximation ln aw ≈ aw − 1. Thus, although
it appears at first that there are many different mixing rules for predicting the wa-
ter activity without ternary interaction parameters, most of them are substantially
similar (Table 6.1).
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6.1.3 Binary endpoint conditions
In the literature related to each mixing rule considered above the concentrations at
which the properties of the binary solution are evaluated are stipulated as part of
the mixing rule. For example, Young’s rule evaluates binary solutions having equal
ionic strength and Zdanovskii’s rule evaluates binary solutions having equal water
activity. In this work the different possibilities regarding which binary solutions to
evaluate are called binary endpoint conditions.
The binary endpoint condition of constant ionic strength is often employed to predict
the behaviour of mixed electrolyte solutions. However, the mathematical forms of
Young’s rule (equations (6.1) and (6.7)) and the multiplicative rule for water activity
(equation (6.9)) do not change if different endpoint conditions are employed. In
other words, equations (6.1), (6.7) and (6.9) can predict mixture properties based on
evaluating binary solutions having equal molality, osmolality, solvent mass fraction,
water activity, density or some other measure of concentration. In general, different
endpoint conditions give different predictions of the mixture property. Comparing
these different predictions is the key aim of this work.
Comparing the predictions of binary endpoint conditions using experimental data
is problematic, since either real nonlinear mixing effects or systematic errors might
favour erroneously one endpoint condition over another. An example is predicting
the density, ρ, of NaCl + Na2SO4 mixtures using the binary endpoint conditions
based on constant water activity, ρzdan, and constant ionic strength, ρionic (Figure
6.1). The assumption of constant water activity gives better agreement with data
at I ≈ 2.0 mol kg−1, but the prediction based on constant ionic strength is better
at I = 1.5 mol kg−1 and marginally better at I ≈ 3.0 mol kg−1. Both predictions
are good at I = 1.0 mol kg−1. Even for this simple ternary system it is not con-
clusive which is the better endpoint condition. Other complications may arise if
it is necessary to extrapolate beyond the valid concentration limits of the binary
electrolyte parameterisations: it is possible for the binary electrolyte concentrations
corresponding to one endpoint condition to fall within the valid ranges, while an-
other endpoint condition requires extrapolation of the binary solution properties.
These ancillary factors distract from the objective of this work. The primary in-
tention here is to assess the inherent differences between the predictions using
different binary endpoint conditions. Thus, it is necessary to avoid comparisons
with real (error-containing) data and to make predictions only on the basis of well-
characterised binary solution properties.
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Figure 6.1: Predictions of density at T = 25 ◦C in aqueous solutions of NaCl
+ Na2SO4 using Young’s rule (equation 6.1) and the endpoint conditions based
on: (a,c) constant water activity; (b,d) constant ionic strength. I denotes ionic
strength and y1 is the ionic-strength fraction of NaCl in the mixture. Data taken
from Millero and co-workers: [85MCV] (A), [85MiL] (@), [86MiS] (E) and [90DHS]
(F).
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6.2 Methods
A key concept of the present work is that, with any given quantity of solvent and
solutes in a mixture, different partitions of the solvent among the pure solutes cor-
respond to different binary endpoint conditions (Figure 6.2). Different endpoint
conditions are compared by predicting the properties of ternary solutions using all
solvent partitions (Figure 6.3). The mixtures NaCl + MgCl2 and NaCl + Na2SO4
were chosen as specific examples for investigation. They represent common-anion
and common-cation asymmetric strong electrolyte solutions respectively. Several
mixture concentrations (m1, m2) were chosen to reflect different composition ratios.
The binary electrolyte solution concentrations were calculated as m01 = m1/w1 and
m02 = m2/(1 − w1), where w1 is the fraction of the solvent attributed to the first
solute.
Certain factors hindering the comparison of mixing rules must also be recognised.
While any partitioning of the solvent between the two solutes in a ternary mixture
is possible mathematically, solubility limitations place physical restrictions. The
concentration limits used in the optimisation of the Pitzer parameters describing the
binary solution properties (Section 3.5) further restrict the partition values. Any
solvent partition for which the corresponding binary solutions are well-characterised
by the optimised Pitzer parameters is defined in this work as a practical partition.
Except for a few instances where the concentration of the mixture as measured
by one of the typical concentration variables, e.g., the ionic strength or molality,
exceeds that to which the binary solutions have been characterised, only practical
partitions are investigated.
Predicting the properties of multicomponent electrolyte solutions at elevated tem-
peratures is important since few experimental data are available. The effects of
increased temperature are investigated by comparing the predictions from Young’s
rule for volumes arising from different binary endpoint conditions at 100 ◦C. The
Pitzer equations are employed to describe the binary solutions, with parameters
obtained from the analysis in Chapters 3 and 4. The differences between the pre-
dictions are contrasted with estimates of the experimental uncertainty.
Due to recent interest in mixing rules based on constant water activity (for exam-
ple, the works of Hu [06HFL, 08HZL, 10HZJ, 10HPJ] and Wang [09Wan, 09HWG,
11HZL]), a special investigation seems justified into the differences between prop-
erty predictions based on the constant ionic strength and constant water activity
endpoint conditions.
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Figure 6.3: The range of apparent molar volumes of a specific ternary solution
calculated from Young’s rule using different solvent partitions/mixing paths (solid
curve). The particular solvent partition used in Figure 6.2 is indicated ().
6.3 Results
6.3.1 Comparison of practical solvent partitions
Density/volume
The calculated mixture densities relative to water at 25 ◦C are plotted in Figure 6.4.
For each mixture of specified composition, the curve gives the various predictions
using Young’s rule for volumes based on all practical binary endpoint conditions.
The near constancy of the curves is remarkable. It is evident that even large changes
in the concentrations of the endpoint electrolytes have little impact on the predicted
mixture density. The densities corresponding to common values of w1 which might
be used in practice, such as equal ionic strength or water activity, are indicated
in the Figure. It seems reasonable to expect that the w1 values associated with
other concentration variables (such as molarity and ionarity [95Mil]) will not differ
significantly from these positions.
The differences between the predictions based on different binary endpoint condi-
tions are evidently quite small, but it remains necessary to establish whether they
are experimentally distinguishable or not. In other words, do the predicted density
values differ by more than the experimental uncertainty of density data? To answer
this, Figure 6.5 shows the density values (from Figure 6.4) relative to the prediction
based on Young’s rule using the constant ionic strength endpoint condition.
The density values at 25 ◦C predicted using the common endpoint conditions differ
by less than 0.001 g cm−3 for NaCl + MgCl2 and less than 0.004 g cm
−3 for Na2SO4
+ NaCl (Figure 6.5). These density differences correspond to approximately 0.1%
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Figure 6.4: Predicted values from Young’s rule of the density difference relative to
pure water against fraction of solvent assigned to the first solute at 25 ◦C. NaCl +
MgCl2 (top row); and, Na2SO4 + NaCl (bottom row). The concentrations are m1
/mol kg−1 = 0.5 (left panels), 1.0 (middle), and 1.5 (right); and m2 /mol kg−1 = 0.5
(dotted curves); 1.0 (dashed); and 1.5 (solid). Symbols correspond to various end-
point conditions: constant ionic strength (F), molality (A), normality ≡∑cmczc
(E), osmolality () and water activity (@).
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Figure 6.5: Differences between the various density predictions and Young’s rule
using the constant ionic strength endpoint condition at 25 ◦C. Mixture compositions
and symbols are the same as in Figure 6.4.
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Figure 6.6: Differences between the various density predictions and Young’s rule
using the constant ionic strength endpoint condition at 100 ◦C. Mixture compositions
and symbols are the same as in Figure 6.4.
and 0.4% of the total solution density respectively. Near T = 25 ◦C, density measure-
ments on ternary aqueous solutions performed by independent investigators agree to
within approximately 0.05% or better (e.g. [06SLK]). This means that the various
predictions would be difficult to separate using experimental data for the system
NaCl + MgCl2. However, it may just be possible to distinguish between some of the
mixing rules for prediction at 25 ◦C based on highly accurate data for the system
Na2SO4 + NaCl.
The calculated density differences between the practical solvent partitions and the
constant ionic strength endpoint condition at 100 ◦C are shown in Figure 6.6. The
deviations are of similar magnitude to those at ambient temperature for NaCl +
MgCl2, but are smaller than the deviations at 25
◦C for Na2SO4 + NaCl (cf. Fig-
ure 6.5). Since the experimental uncertainty of density data tends to increase with
increasing temperature, a reasonable estimate of the accuracy achievable by inde-
pendent investigators at 100 ◦C is 0.1% in the density. In this case, the different
endpoint conditions would not be distinguishable for either of the representative
ternary electrolyte systems considered here. By extension, at even higher temper-
atures the differences between the predicted density values will decrease below the
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Figure 6.7: Differences between the various osmotic coefficient predictions and the
constant ionic strength endpoint condition at 25 ◦C. Mixture compositions and sym-
bols are the same as in Figure 6.4. Predictions based on Allahkverdov’s rule [01All]
are also shown (+).
experimental precision that can be achieved by an individual experimentalist, mean-
ing that the matter of which endpoint condition to employ becomes irresolvable.
Water activity and osmotic coefficients
The predictions of the mixing rule for water activity (equation (6.9)) and Allahkver-
dov’s rule (Table 6.1) are shown relative to the prediction based on constant ionic
strength in Figure 6.7. The differences between the predicted osmotic coefficients
are much more pronounced than those shown for density (Figure 6.5). In other
words, it should be much easier to distinguish experimentally between these end-
point conditions (representing different mixing rules).
The typical difference between independent investigations of the osmotic coefficients
of ternary electrolyte solutions is approximately 0.01 or less (Section 5.5). The
range of osmotic coefficients that are achievable from practical values of the solvent
partition (curves in Figure 6.7) in solutions of NaCl + MgCl2 and Na2SO4 + NaCl
are substantially larger than this.
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Predictions based on the most common endpoint conditions differ by up to 0.2 in the
osmotic coefficient of NaCl + MgCl2. Since this system agrees well with Zdanovskii’s
rule (Chapter 5), it appears that the endpoint conditions based on constant molality
and constant osmolality do not adequately represent the real solution behaviour
within experimental uncertainty. However, the predictions of the other endpoint
conditions and Allahkverdov’s rule differ by smaller amounts. It can be concluded
that any one of these rules could be used to approximate the osmotic coefficients of
this ternary system.
In solutions of Na2SO4 + NaCl, the common binary endpoint conditions have in-
herent differences less than approximately 0.06 in their predictions of the osmotic
coefficients. In particular the constant molality, constant osmolality and constant
water activity (Zdanovskii’s rule) endpoint conditions differ by less than or little
more than the estimated uncertainty in osmotic coefficient data so their predictive
capabilities are essentially equivalent. Allahkverdov’s rule on the other hand shows
large discrepancies from the other predictions; and the predictions based on constant
ionic strength differ substantially from those based on constant water activity. It
might therefore be possible to distinguish between the constant ionic strength end-
point condition and the other binary endpoint conditions using reasonably accurate
data on this ternary system.
6.3.2 Comparison of the ionic strength and water activity
mixing rules
Apparent molar volume
Water activity curves for hydrochloric acid and the alkali metal chloride solutions
are shown in Figure 6.8. The dependences of water activity on solute molality are
very similar for HCl and LiCl. The KCl, RbCl and CsCl curves are also in close
agreement. The differences between the apparent molar volumes calculated using the
constant ionic strength endpoint condition and the constant water activity endpoint
condition are shown in Figure 6.9 as a function of concentration for several ternary
solutions of the alkali chlorides.
A reasonably optimistic estimate of the uncertainty associated with measurements
of the apparent molar volume of moderately concentrated ternary electrolyte solu-
tions is ±(0.1 to 0.2) cm3 mol−1. It can be seen that in ternary systems where the
constituent binary electrolytes have similar dependence of water activity with ionic
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Figure 6.8: Water activity against molality for hydrochloric acid and alkali metal
chloride solutions at 25 ◦C. Values are calculated from the Pitzer equations (Chapter
3). Top to bottom: CsCl(aq), RbCl(aq), KCl(aq), NaCl(aq), LiCl(aq) and HCl(aq).
strength, such as HCl + LiCl or KCl + RbCl, the differences between the appar-
ent molar volume predictions are well below this uncertainty estimate. In solutions
where the pair of electrolytes have dissimilar water activity dependence with con-
centration the differences between the apparent molar volume predictions are less
than 0.15 cm3 mol−1 in magnitude. Assessed realistically, this is not large enough
to be distinguished experimentally.
Figure 6.10 shows the differences between the apparent molar volumes predicted
based on constant ionic strength and constant water activity for several asymmet-
ric ternary electrolyte solutions. The differences in NaCl + MgCl2 and Na2SO4 +
MgSO4 are found to be of the same magnitude as the typical experimental uncer-
tainty. Hence, for these representative ternary electrolyte solutions, the constant
ionic strength and the constant water activity endpoint conditions turn out to have
equivalent ability to predict the apparent molar volume. However, the ternary so-
lutions having a common cation, that is Na2SO4 + NaCl and MgSO4 + MgCl2,
show larger differences between the two predictions (approximately 1.0 cm3 mol−1
in magnitude). These differences should be sufficient for high-quality experimen-
tal measurements to favour one endpoint condition over the other (i.e., be able to
distinguish between different mixing rules).
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Figure 6.9: Contour plots of apparent molar volumes in ternary alkali chloride solu-
tions predicted by Young’s rule using equal ionic strength endpoint conditions minus
those using equal water activity at the endpoints. Units are cm3 mol−1.
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Apparent molar heat capacity
Differences between the predictions of the apparent molar heat capacity rule (equa-
tion (6.7)) using the ionic strength endpoint condition and the water activity end-
point condition appear in Figure 6.11.
A simple way to estimate the likely experimental uncertainty in the apparent molar
heat capacity is to multiply the estimated uncertainty in the apparent molar volume
by the ratio of the corresponding Debye-Hu¨ckel parameters for heat capacity and
volume at 25 ◦C. Using AJ/R = 3.8205 (kg mol−1)1/2, AV = 1.8979 cm3 kg1/2
mol−3/2, and taking the uncertainty in the apparent molar volume as ±(0.1 to 0.2)
cm3 mol−1, the estimated uncertainty in the apparent molar heat capacity is thus
estimated to be ±(1.7 to 3.4) J(K mol)−1. This corresponds reasonably well with
the ±4 J(K mol)−1 estimate of Saluja et al. [92SLL, 95SJL].
The differences between the predicted heat capacities for the systems NaNO3 +
NaCl, NaCl + MgCl2 and MgSO4 + MgCl2 are of the same magnitude as the
experimental uncertainty. In contrast, the ternary system MgSO4 + Mg(NO3)2 has
differences significantly larger than the uncertainty estimate at high concentrations,
meaning that apparent molar heat capacity measurements of concentrated mixtures
could provide evidence favouring either the constant ionic strength or the constant
water activity endpoint condition.
6.4 Discussion
The present results indicate that, at the present state of the art, only with certain
combinations of ternary electrolytes and physicochemical properties can the predic-
tions of the various mixing rules and binary endpoint conditions be distinguished.
If experimental results are available having the best precision that can be achieved
by an individual investigator — for example, 0.003 in the osmotic coefficient under
ambinent conditions [91RaP] — most of the predictions could, in principle, be re-
liably distinguished. However, in practice, the accuracy of mixing rules to predict
ternary solution properties will be limited by the accuracy of representation of the
binary sub-systems. The usual form of the Pitzer equations (Section 3.2) provides
osmotic coefficients with an accuracy of approximately 0.01 to 0.02 for concentrated
binary solutions (Section 5.3). The contribution of these factors appears to be why
comparisons with experimental data sometimes favour a particular mixing rule and
sometimes do not. Investigators presenting empirical evidence regarding the supe-
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Figure 6.11: Apparent molar heat capacity difference contours (constant ionic
strength predictions minus constant water activity predictions, J(K mol)−1) for
NaNO3 + NaCl, NaCl + MgCl2, MgSO4 + Mg(NO3)2 and MgSO4 + MgCl2.
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riority of one mixing rule or another need to be mindful of these difficulties.
It is a conclusion of this work that since the differences between mixing rule pre-
dictions are often less than the experimental error, there is little empirical jus-
tification for choosing one binary endpoint condition (i.e., one mixing rule) over
another. However, because it is important to maintain thermodynamic consistency
when calculating properties of multicomponent solutions, the same endpoint condi-
tion/mixing rule should be used to predict all of the relevant mixture properties.
For this reason, the constant water activity endpoint condition is preferable to that
based on constant ionic strength since the ionic strength is not defined in nonelec-
trolyte solutions.
It is also for this reason that specialised mixing rules, such as Allahkverdov’s rule
for osmotic coefficients [01All], hold little practical value, since they cannot predict
completely the thermodynamic behaviour of solutions.
Temperature effects are also worthy of consideration. The present work indicates
that there is some likelihood of distinguishing between the binary endpoint condi-
tions using data at 25 ◦C, but that at higher temperatures the differences between
the various predictions may become too small to separate. It can therefore be
posited that all of the endpoint conditions/mixing rules established in the literature
will give approximately equivalent and reasonable predictions of solution properties
under superambient conditions. This is important, since the effects of temperature
on the magnitude of ternary interactions are not well known from experiment.
6.5 Summary
A novel method is here proposed that generalises predictions from well-known mix-
ing rules. This indicates that predicted bulk property values are surprisingly robust
to large changes in the way the solvent is partitioned among the pure solutes in a
multicomponent mixture. In particular, comparison of the differences between the
predicted values and the typical experimental error demonstrates that the property
predictions for a variety of ternary solutions are essentially equivalent. Therefore,
agreement with experiment is often a weak argument for selecting one binary end-
point condition over another. Results to this effect have been observed elsewhere
[08Mil].
Mixing rules have a useful role in the prediction of physicochemical properties of
multicomponent electrolyte solutions. Especially for bulk solution properties, mixing
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rules yield good approximations for all but the most nonideal interacting systems.
The properties of minor components (for example trace activity coefficients and
partial molar volumes) are more difficult to reproduce [70RoS, 74SaL]. However,
this is because of general numerical sensitivities rather than the mathematical form
of the mixing rules.
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Chapter 7
Conclusions and future directions
Methods of automating the calculation of physicochemical properties of aqueous
binary electrolyte solutions have been investigated. An automated method for de-
termining an appropriate upper concentration limit when applying the Pitzer equa-
tions under ambient conditions has been developed and tested. This method gave
satisfactory descriptions of properties for many strong electrolyte solutions. The
success of this approach can be attributed mostly to the relatively large number
of well-measured experimental data and the large number of empirical parameters
involved in such models. However, certain failures of the method were also iden-
tified. For example, when speciation changes occurred at low concentrations, such
as in solutions of HF(aq), H2SO4(aq), H3PO4(aq), KHSO4(aq), NaHSO4(aq) and
Pr(NO3)3(aq), the Pitzer equations were unable to reliably represent the thermody-
namic behaviour.
Under non-ambient conditions the available data are more scattered and generally
less reliable, making problematic the automated selection of an appropriate number
of parameters to fit the data. Since the functions of temperature and pressure em-
ployed to describe the physicochemical properties in the Pitzer theoretical framework
were purely empirical, the best-fitting parameters often produced poor extrapola-
tive behaviour. In particular, the extrapolations of the apparent molar volumes
and apparent molar heat capacities to infinite dilution were often not in acceptable
agreement with theory. Another factor that impeded automated model development
was the relative difficulty of assigning realistic error estimates to datasets. The
combination of unrealistic error assignment and inappropriate numbers of empirical
parameters tends to result in models that display non-thermodynamic trends, as
has been noted in the literature [08MaD]. It requires a delicate balance to optimise
only as many parameters as the dataset has power to constrain [92Kir].
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Treating data covering a range of pressure and temperature revealed fundamental
limitations of the Pitzer equations. Their numerical sensitivity to outlying data
meant that highly-specific and subjective judgements were required during the pa-
rameterisation process. Hence, the goal of achieving objective and up-to-date mod-
elling based on the Pitzer equations could not be reached.
An alternative theoretical framework was developed that was based on the Hu¨ckel
equation for activity coefficients. This has been applied to the modelling of ap-
parent molar volumes and apparent molar heat capacities for the first time. Since
it contained fewer empirical parameters, the correlation of activity coefficients was
generally less accurate than with the Pitzer equations. However, the extrapolation
of apparent molar volumes and apparent molar heat capacities to infinite dilution
tended to be more robust. Specifically, the Hu¨ckel equations were much more likely
to adhere to the correct Debye-Hu¨ckel limiting slope at moderate concentrations. On
the other hand, the Hu¨ckel equations cannot alone provide a satisfactory framework
for the description of physicochemical properties of strong electrolyte solutions.
Neither the Pitzer (excessive number of ternary parameters) nor Hu¨ckel (fails cross-
differentiation relation) theoretical frameworks were well-suited to describing multi-
component electrolyte solutions so alternative methods were investigated. Zdanovskii’s
rule for predicting the water activity of multicomponent systems was found to be
particularly robust. Calculations based on it could be fully automated and wa-
ter activity data for over 120 ternary strong electrolyte systems were described. An
analysis of independently-measured data indicated that uncertainties could be up to
one order-of-magnitude greater than investigators claim. Consequently, Zdanovskii’s
rule often represents solution behaviour more reliably than the available experimen-
tal or critically-compiled values.
A general method was developed to compare the predictions of various mixing
rules. Mixing rules describing multicomponent systems using only binary solution
properties were emphasised. The mixing rules were investigated by predicting vol-
umes/densities, heat capacities and water activities/osmotic coefficients of several
representative ternary electrolyte solutions, giving surprisingly robust predictions.
A key benefit of the mixing rules over models from other theoretical frameworks is
the simple numerical form of the defining equations.
A significant result from the investigation is that the mathematical forms of Young’s
rule for volumes and heat capacities and the multiplicative rule for water activity
are unaltered when different concentrations are used to evaluate the binary solution
properties. In particular Young’s rule, which is typically evaluated using binary solu-
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tions having equal ionic strength, was also evaluated using binary endpoint solutions
having equal molality, osmolality and water activity. Comparing these different pre-
dictions to the typical experimental uncertainty in the respective property revealed
that the mixing rules predicted essentially equivalent values regardless of the chosen
endpoint condition/mixing path.
Mixing rules appear to offer great potential for approaching comprehensive mod-
elling of multicomponent solutions by allowing convenient description of mixture
properties without requiring dedicated experimental investigation. This contrasts
with the difficult task (described by some as “impossible” [94KPI]) of selecting a
complete set of Pitzer parameters to calculate properties of multicomponent solu-
tions. It also should be borne in mind that this aspect of mixing rules makes them
ideally suited to automation.
As a result of focussing on mixing rules, accurate models of binary solutions will
become increasingly important. The critical impasse in describing binary solutions
that has been reached because of the empiricism inherent to the Pitzer equations and
other theoretical framework models cannot be easily overcome; yet it highlights the
way to proceed. More fundamental approaches to the description of binary solution
properties are needed, i.e., exploiting the patterns in the behaviour of electrolyte
solutions at high temperatures and pressures and applying thermodynamic relations
in favour of additional parameters.
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Appendix A
Numerical aspects of the Pitzer
equations
The SVD method that is used in this work to obtain values of the Pitzer parame-
ters (Section 3.3.1) is theoretically capable of identifying linearly-dependent sets of
parameters and those that are not well-constrained by the available data. However
in practice, the particular distribution of data and errors in a given dataset makes
this problematic. This Appendix investigates the numerical aspects of the Pitzer
equations (Section 3.2) that are likely to cause parameter degeneracy.
A.1 Sensitivity analysis
A set of Pitzer parameters are chosen to simulate osmotic coefficients of a 1:1 elec-
trolyte. Following an approach known as ‘Monte Carlo analysis’, random errors less
than 0.005 in magnitude are added to each simulated datum. These ‘noisy’ data
form the so-called synthetic dataset. A total of 50 synthetic datasets are created, and
each is optimised using the methods in Chapter 3. Finally, the mean and standard
deviations of the optimised Pitzer parameters are calculated.
An almost-identical procedure is used to determine the mean and standard deviation
of the volumetric Pitzer parameters. Random errors less than 50 ppm in magnitude
in terms of the density are introduced and the corresponding apparent molar volume
data are optimised. Table A.1 shows the parameters that were used to simulate the
osmotic coefficient data, and the mean and standard deviations of the optimised
parameters. The mean values of the optimised parameters are in good agreement
with the simulated values. Except for Cφ, the standard deviations are small fractions
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of their respective mean values. This indicates that the optimisation of osmotic
coefficient data using the Pitzer equations is relatively robust to errors in the data.
Table A.1: Results of Monte Carlo analysis on the Pitzer equation for the osmotic
coefficient
β(0) β(1) Cφ
simulated 0.0554 0.2755 -0.00118
mean optimised 0.0552 0.2755 -0.00113
std. dev. 0.0020 0.0128 0.00042
Table A.2 shows the parameter analysis based on apparent molar volumes. The
mean optimised value for φV ◦ is in good agreement with the value used to simulate
the data. However, the other parameters display poor agreement, and the standard
deviation associated with each parameter is alarmingly large. The conclusion for
this work is that the optimisation of volumetric Pitzer parameters is highly sensitive
to error in the data. Such effects have been observed for real datasets in Sections
3.5 and 4.2.
Table A.2: Results of Monte Carlo analysis on the Pitzer equation for the apparent
molar volume
β(0)V β(1)V CφV φV ◦
simulated 0.0065 0.0208 -0.00044 43.14
mean optimised 0.0014 0.0358 0.00103 43.19
std. dev. 0.0857 0.4623 0.02253 2.65
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Figure A.1: Pairwise correlation plots of Pitzer parameters obtained by optimising
50 synthetic osmotic coefficient datasets. Each synthetic dataset comprises a ran-
dom selection of 30 points simulated from known Pitzer coefficients. Each point is
assigned a random error between ±0.005.
A.2 Correlation analysis
The correlation among the Pitzer parameters can be revealed by plotting pairs of
parameters obtained from the optimisation of the synthetic datasets in the previous
Section.
The Pitzer parameters that describe the osmotic coefficients are shown in Figure
A.1. There is a strong linear correlation between β(0) and Cφ (R2 ≈ 0.95). The β(1)
parameter is not significantly correlated with the other parameters.
The relations between the volumetric Pitzer parameters are shown in Figure A.2.
The β(0)V parameter is strongly correlated to both β(1)V and CφV . The standard
state apparent molar volume is most strongly related to β(1)V .
It is expected that similar trends will be present in electrolytes of different valence
types. In addition, these correlation effects will be more severe — and the model
results more difficult to automate — in cases where the β(2) parameter is required
[00KPS].
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Appendix B
Optimisation of binary electrolyte
solutions under ambient conditions
Algorithm 3.1 determines Pitzer parameters giving acceptable fits to data measured
under ambient conditions over the widest possible concentration range (Section 3.5).
Table B.1 contains the optimised concentration limits for 169 binary electrolyte
solutions. These values should be compared with the upper concentration limit of
the available data.
The corresponding Pitzer parameters are available as Supporting Information in
[11MRH]. They are not reproduced here since the actual parameter values are
subject to frequent change as new datasets are incorporated into the FIZ database
(Section 3.1).
Table B.1: Results of applying Algorithm 3.1 to elec-
trolyte data at 25 ◦C and 1 bar
Electrolyte Upper conc. Optim. conc.
/mol kg−1 /mol kg−1
Al2(SO4)3 1.1 1.1
NH4Br 7.5 7.5
NH4Cl 7.4 7.4
(NH4)2HPO4 3.1 3.1
NH4I 7.5 7.5
NH4NO3 25.9 20.0
NH4ClO4 2.1 2.1
(NH4)2SO4 5.5 5.5
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Table B.1: Continued
Electrolyte Upper conc. Optim. conc.
Ba(C2H3O2)2 3.5 3.5
BaBr2 2.3 2.3
BaCl2 1.8 1.8
BaI2 2.0 2.0
Ba(NO3)2 0.4 0.4
Ba(ClO4)2 5.5 3.6
BeSO4 4.0 4.0
Cd(NO3)2 3.0 3.0
Cd(NO2)2 7.8 5.0
Cd(ClO4)2 1.9 1.9
CdSO4 3.5 3.5
Cs(C2H3O2) 3.5 3.5
CsBr 5.0 5.0
CsCl 11.0 11.0
CsF 9.0 3.5
CsOH 5.0 5.0
CsI 3.0 3.0
CsNO3 1.5 1.5
CsNO2 7.0 7.0
Cs2SO4 4.0 4.0
CaBr2 9.2 6.0
CaCl2 11.0 5.0
CaI2 2.0 2.0
Ca(NO3)2 6.0 6.0
Ca(ClO4)2 6.0 6.0
CeCl3 2.0 2.0
CrCl3 1.2 1.2
Cr(NO3)3 1.4 1.4
CoBr2 5.0 5.0
CoCl2 4.0 4.0
CoI2 6.0 4.0
Co(NO3)2 5.0 5.0
CuCl2 6.0 3.7
Cu(NO3)2 7.8 7.8
CuSO4 1.4 1.4
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Table B.1: Continued
Electrolyte Upper conc. Optim. conc.
EuCl3 3.6 3.6
Eu(NO3)3 6.4 2.0
GdCl3 3.6 3.6
HI 10.0 7.5
HBr 11.0 11.0
HCl 16.0 10.6
FeCl2 2.0 2.0
FeCl3 7.0 2.3
LaCl3 3.9 3.9
La(NO3)3 6.5 1.6
Pb(NO3)2 2.0 2.0
Pb(ClO4)2 12.6 12.6
Li(C2H3O2) 4.0 4.0
LiBr 20.0 11.0
LiCl 20.0 8.5
LiOH 5.0 5.0
LiI 3.0 3.0
LiNO3 20.0 14.3
LiNO2 9.0 9.0
LiClO4 4.5 4.5
Li2SO4 3.2 3.2
Mg(C2H3O2)2 4.0 4.0
MgBr2 5.6 5.6
MgCl2 5.9 5.9
MgI2 5.0 5.0
Mg(NO3)2 5.5 4.1
Mg(ClO4)2 4.0 4.0
MgSO4 3.6 3.6
MnCl2 7.7 5.1
MnSO4 5.0 5.0
NdCl3 3.9 2.4
Nd(NO3)3 6.3 2.6
NiCl2 6.1 4.0
Ni(NO3)2 5.5 5.5
NiSO4 2.5 2.5
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Table B.1: Continued
Electrolyte Upper conc. Optim. conc.
HNO3 28.0 11.3
HClO4 16.0 8.0
K(C2H3O2) 3.5 3.5
KHCO3 1.0 1.0
KBrO3 0.5 0.5
KBr 5.5 5.5
K2CO3 8.1 8.1
KClO3 0.7 0.7
KCl 8.0 5.0
K2CrO4 3.5 3.5
KH2PO4 1.8 1.8
K3Fe(CN)6 1.4 1.4
K4Fe(CN)6 0.9 0.9
KF 17.5 10.1
K2HPO4 9.0 7.1
KOH 20.0 14.3
KI 9.0 9.0
KNO3 3.8 3.8
KNO2 5.0 5.0
K3PO4 0.7 0.7
K2SO4 2.0 2.0
KSCN 10.0 5.0
PrCl3 3.9 3.9
Rb(C2H3O2) 3.5 3.5
RbBr 5.0 5.0
RbCl 7.8 7.8
RbF 3.5 3.5
RbOH 6.0 6.0
RbI 5.0 5.0
RbNO3 4.5 4.5
RbNO2 7.0 7.0
Rb2SO4 1.8 1.8
SmCl3 3.6 3.6
ScCl3 1.9 1.9
AgNO3 15.0 9.0
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Table B.1: Continued
Electrolyte Upper conc. Optim. conc.
Na(C2H3O2) 3.5 3.5
NaHCO3 1.3 1.3
NaBrO3 2.6 2.6
NaBr 9.0 9.0
Na2CO3 3.1 3.1
NaClO3 3.5 3.5
NaCl 6.1 6.1
Na2CrO4 4.3 4.3
NaH2PO4 6.5 6.5
NaF 1.0 1.0
Na(CHO2) 3.5 3.5
Na2HPO4 2.1 2.1
NaOH 29.0 11.6
NaI 12.0 9.0
NaNO3 10.8 10.8
NaNO2 12.3 8.4
NaClO4 6.0 6.0
Na3PO4 0.8 0.8
Na(C3H5O2) 3.0 3.0
Na2SO4 5.0 5.0
NaSCN 18.0 12.0
Na2S2O3 4.0 4.0
SrBr2 2.1 2.1
SrCl2 4.0 4.0
SrI2 2.0 2.0
Sr(NO3)2 4.0 4.0
Sr(ClO4)2 6.0 6.0
Bu4NBr 4.0 4.0
Bu4NCl 15.0 3.0
Bu4NF 1.6 1.6
Et4NCl 9.0 6.0
Et4NF 5.5 4.1
Et4NNO3 8.0 8.0
Me4NCl 19.0 6.7
Me4NF 7.0 7.0
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Table B.1: Continued
Electrolyte Upper conc. Optim. conc.
Me4NNO3 7.0 7.0
Pr4NBr 4.0 4.0
Pr4NCl 18.0 4.0
Pr4NF 5.0 3.0
Tl(C2H3O2) 6.0 6.0
TlNO3 0.4 0.4
TlNO2 1.4 1.4
TlClO4 0.5 0.5
Th(NO3)4 5.0 1.5
UO2Cl2 3.2 3.1
UO2(NO3)2 5.5 2.7
UO2(ClO4)2 5.5 4.1
UO2SO4 6.0 6.0
YCl3 4.1 4.1
Y(NO3)3 7.2 1.2
ZnBr2 20.1 2.1
ZnCl2 23.2 3.2
ZnI2 11.9 2.9
Zn(NO3)2 7.1 7.1
Zn(ClO4)2 4.3 4.3
ZnSO4 3.5 3.5
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Appendix C
Finding the Zdanovskii mixing
path
Zdanovskii’s rule (Chapter 5) states that the water activity remains constant when
solutions with equal water activity are mixed. This Appendix describes numeri-
cal aspects related to determining the water activity in multicomponent solutions
using Algorithm 5.1. Methods enabling more robust and efficient calculations are
emphasised.
Given the concentrations of the neutral electrolyte components in a mixture, the
goal is to determine the amounts of solvent attributable to each solute, such that
the binary sub-systems have equal water activity. The condition that the binary
solutions have equal water activity can be stated mathematically as
a1 = a2 = · · · = an
where ai ≡ aw(wi) is the water activity of the binary solution comprised of ni moles
of solute and wi kg of water. It is convenient to rewrite these relations so that they
appear in the form Fi(w1, w2, . . . , wn) = 0 [92PTV, Equation (9.6.2)], that is
a1 − an
a2 − an
...
an−1 − an
 = 0 (C.1)
It is evident that there are only n− 1 equations in n unknowns. The final equation
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therefore required is the conservation of water relation, given by∑
i
wi = 1 (C.2)
This system of equations can be solved using the Newton-Raphson method [92PTV].
The principle equation of the Newton-Raphson method updates the distribution of
solvent among the solutes (wnew = wold + δw), and is given by
J · δw(1,...,n−1) = −F (C.3)
where J is the so-called Jacobian matrix of partial derivatives [92PTV]. The com-
ponents of the Jacobian matrix are
Jij =
∂Fi
∂wj
=
∂ai
∂wj
− ∂an
∂wj
The first term on the right hand side of the equation has two possible values. When
i = j, the partial derivative is (∂ai/∂wi) ≡ di. When i 6= j, (∂ai/∂wj) = 0. The
second term on the right can be evaluated using the conservation of water relation,
equation (C.2), which implies that ∂wn/∂wj = −1. Hence,
∂an
∂wj
=
∂an
∂wn
∂wn
∂wj
= −dn
Combining these results gives
Jij = dn +
{
di i = j
0 i 6= j (C.4)
Methods to efficiently calculate the di are described in Section C.2.
C.1 Initialising the binary solution concentrations
Algorithm 5.1 requires initial estimates of the solvent distribution among the mixture
components. If no other information is available, a reasonable approximation is that
solutions having equal osmolality have equal water activity. If the composition of
mixtures that are considered successively are relatively similar — which is likely in
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practice — an improved starting estimate is obtained from the relation
wi = (mi/m
A
0i) /
n∑
j=1
(mj/m
A
0j) (C.5)
where the mj are the concentrations of the solutes in the current mixture and the m
A
0j
are the concentrations of the binary solutions having equal water activity determined
for the previous mixture. This is equivalent to assuming that the isopiestic ratios
among the solutes are equal from one mixture to the next [10RoM]; and, if this
assumption is correct, the algorithm requires no iteration.
C.2 Efficient calculation of the derivatives
The Newton-Raphson method requires the first derivative of each binary solution
water activity function with respect to the amount of solvent assigned to that solute.
If the concentration of solute k in the mixture is mk, then the concentration of the
pure binary solution of k is given by
m0k = mk/wk
Using this relation and the result that ∂m0k/∂wk = −mk/w2k the derivative of the
binary water activity with respect to the amount of solvent is given by
dk =
∂ak
∂wk
= −mk
w2k
∂ak
∂m0k
The derivative on the right hand side can potentially be calculated analytically,
for instance, when the Pitzer equations are used. However, the computational cost
will be comparable to the cost of computing the water activity itself. Therefore,
two function evaluations would be required for each solute on every iteration of the
algorithm.
At first glance, numerical differentiation does not seem capable of improving on this
situation. The straightforward approach to calculate the derivative numerically uses
the formula [92PTV]
dk ≈ [aw(wk + ∆wk)− ak]/∆wk
which also appears to require two function evaluations at each iteration. However,
during the course of the Newton-Raphson updates, the water activity values can
be stored, and the derivative approximated using the two most recently calculated
155
water activity values. This means that after the first iteration, the derivatives can
be calculated without any additional function evaluations, effectively halving the
total computational cost.
Nevertheless, Press et al. issue the following warning: “Applied uncritically, the
above procedure is almost guaranteed to produce inaccurate results” [92PTV]. While
present experience indicates that the Zdanovskii’s rule algorithm is robust enough
to tolerate inaccuracies in the derivative calculation [10RoM], the number of itera-
tions required for convergence increases markedly if these inaccuracies are too large.
Fortunately, the derivatives can be calculated more accurately using the relation
d
[n]
k =
2(a
[n]
k − a[n−1]k )
w
[n]
k − w[n−1]k
− d[n−1]k
where superscript [j] denotes values of quantities from the jth Newton-Raphson iter-
ation. The approach which has been implemented therefore uses analytical deriva-
tives on the first iteration and the above formula thereafter. It has been shown that
the algorithm proceeds rapidly to find the Zdanovskii’s rule mixing path [10RoM].
C.3 Efficient solution of the linear equation sys-
tem
The water activity predicted from Zdanovskii’s rule requires the solution to the set
of linear equations (C.3).
The Jacobian matrix given by equation (C.4) has a particularly simple form. It is
the sum of a diagonal matrix and a matrix in which all elements are equal. Such
a matrix can be efficiently inverted using the Sherman-Morrison formula [92PTV].
The Sherman-Morrison formula can be used to calculate the inverse of a matrix
A + uvT when the inverse of A is known. If vTA−1u 6= −1 then
(A + uvT)−1 = A−1 − A
−1uvTA−1
1 + vTA−1u
(C.6)
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The Jacobian matrix is given by
J =

d1 + dn dn · · · dn
dn d2 + dn dn
...
. . .
...
dn dn · · · dn−1 + dn

=

d1
d2
. . .
dn−1
+

1
1
...
1
 ·
[
dn dn · · · dn
]
(C.7)
= A + uvT (C.8)
Substitution of these relations into equation (C.6) for the matrix inverse yields
J−1 =

1
d1
1
d2
. . .
1
dn−1
− 1(∑ni=1 1di )

1
d21
1
d1d2
· · · 1
d1dn−1
1
d2d1
1
d22
...
...
. . .
1
dn−1d1
· · · 1
d2n−1
 (C.9)
The updates to the amount of solvent attributed to the first n− 1 solutes are
δw(1,...,n−1) = −J−1F (C.10)
=
(∑n
i=1
ai−an
di
)
(∑n
i=1
1
di
)

1
d1
1
d2
...
1
dn−1
−

a1−an
d1
a2−an
d2
...
an−1−an
dn−1
 (C.11)
Finally, δwn = −
∑n−1
i=1 δwi from the conservation of total water, equation (C.2).
The number of operations required to obtain the Newton-Raphson updates in this
manner scales only in proportion to n as opposed to the typical number which scales
with n3 [92PTV]. This is a significant saving which makes it feasible to treat very
large multicomponent systems in far less time than would otherwise be possible.
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Appendix D
Data visualisation
The development of automated and updatable models (Chapter 3) has necessitated
a facility for rapidly producing plots of model curves and experimental data. It is
highly desirable to be able to view both the model behaviour, and the residuals
between the model and the data, as temperature, pressure or concentration are
varied. This enables outlying data points to be identified and provides verification
of the quality of model correlations. Since assessing the thermodynamic consistency
of literature datasets is an iterative process, these characteristics of the model may
need to be viewed repeatedly.
The name given in this work to this facility is 8-ball, named after the ‘all-seeing’
Magic 8-ball toy. The 8-ball facility has been built using Microsoft Excel. The
benefits of this are that the software is widely used and familiar to academics and
that the resulting plots can be readily manipulated or inserted into documents.
Figure D.1 shows the layout of the facility’s user interface. All of the electrolyte
substances recognised by FIZ can be queried. Approximately 40 different proper-
ties are handled, the most popular being those in Table 3.1. By default, data for
related properties are extracted and plotted together. For example, a plot of Ab-
solute Density will contain data for Specific Volume and Apparent Molar Volume,
appropriately converted.
Either pressure (bar), temperature (◦C) or concentration (mol kg−1) can be chosen
as the abscissa variable. In the case of concentration, the axis can be optionally
displayed in units of (mol kg−1)1/2. The conditions span finite ranges, so that data
measured under slightly different conditions can be easily compared. The display of
data can be limited to a particular reference, but data from all available references
are shown by default.
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Figure D.1: User interface of the 8-ball facility allowing the FIZ database and various
models to be accessed in Microsoft Excel.
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Thermodynamic models based on the Pitzer (Section 3.2) and Hu¨ckel (Section 4.5)
theoretical frameworks can be evaluated. The facility allows for models to be created
dynamically, optimised on the particular dataset chosen above. Alternatively, pre-
computed models can be evaluated under specific conditions. This is the main way
that comparisons between models and data have been made in this thesis.
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Appendix E
Calculation of the Debye-Hu¨ckel
coefficients
The behaviours of electrolyte solutions approaching infinite dilution follow the Debye-
Hu¨ckel limiting law in most situations. The limiting slope depends on the di-
electric constant, , and density, ρ, of water at the same temperature and pres-
sure as the experiment. New or revised equations for these properties appear in
the literature on a fairly regular basis (e.g. the dielectric constant correlations in
[65QuM, 74HeK, 79BrP, 80UeF, 90ArW, 97FGL]). To calculate Debye-Hu¨ckel co-
efficients in this work, the more recent and reliable correlations for the dielectric
constant [97FGL] and density (IAPWS 95 Release [02WaP]) are employed.
For the osmotic coefficient of electrolyte solutions, the limiting slope is proportional
to Aφ, which is given by [91Pit, 97FGL]
Aφ = (1/3)(2piNAρMw)
1/2[e2/(4pi0kT )]
3/2 (E.1)
By appropriate differentiation of equation (E.1) the Debye-Hu¨ckel coefficient for the
apparent molar volume
AV = −4RT (∂Aφ/∂p)T (E.2)
the apparent molar (relative) enthalpy
AL = 4RT
2(∂Aφ/∂T )p (E.3)
and the apparent molar heat capacity
AJ = (∂AL/∂T )p (E.4)
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can each be obtained. Substitution of equation (E.1) into equation (E.3) yields
AL = −6AφRT
[
1 +
T

(
∂
∂T
)
p
− T
3ρ
(
∂ρ
∂T
)
p
]
Since the formulation of Ferna´ndez et al. [97FGL] gives the dielectric constant
in terms of the independent variables T and ρ, it is necessary to convert the first
derivative involving pressure into a form that uses the density [97FGL]. The relevant
equation is (
∂
∂T
)
p
=
(
∂
∂T
)
ρ
−
(
∂
∂ρ
)
T
(
∂p
∂T
)
ρ
(
∂ρ
∂p
)
T
(E.5)
or, using the relation (
∂ρ
∂T
)
p
= −
(
∂p
∂T
)
ρ
/
(
∂p
∂ρ
)
T
(E.6)
the derivative  with respect to temperature is given by(
∂
∂T
)
p
=
(
∂
∂T
)
ρ
+
(
∂
∂ρ
)
T
(
∂ρ
∂T
)
p
The derivatives of pressure with respect to temperature and density can be calcu-
lated from the IAPWS 95 equation of state [02WaP]
p = ρRT (1 + δφrδ) (E.7)(
∂p
∂T
)
ρ
= ρR(1 + δφrδ − δτφrδτ ) (E.8)(
∂p
∂ρ
)
T
= RT (1 + 2δφrδ + δδφ
r
δδ) (E.9)
where φr, δφrδ, δτφ
r
δτ and δδφ
r
δδ are defined within the IAPWS 95 Release [02WaP].
Using the above it is straightforward to calculate AL (and AV ) analytically, while it
is recommended to calculate AJ using numerical derivatives [97FGL]. Unfortunately,
some problems were encountered with the numerical differentiation of the dielectric
constant and the equation of state for water near the saturation vapour pressure
curve. Therefore, analytic differentiation of the equations was performed to calculate
the Debye-Hu¨ckel coefficient for the apparent molar heat capacity.
Let X∗ ≡ (1/X) · (∂X/∂T )p = (∂ lnX/∂T )p then
AL = −6RT 2Aφ[T ∗ + ∗ − ρ∗/3] = −6RT 2AφS
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Using this definition, the Debye-Hu¨ckel coefficient for the apparent molar heat ca-
pacity is given by
AJ = AL
(
−3S
2
+ T ∗ +
1
S
{
∗
[
T ∗ +
(
∂
∂T
)∗
p
− ∗
]
− ρ
∗
3
[
T ∗ +
(
∂ρ
∂T
)∗
p
− ρ∗
]})
The only terms which have not already been defined are those in bold. These can
be expanded as (
∂
∂T
)∗
p
=
(
∂2
∂T 2
)
p
/
(
∂
∂T
)
p
(E.10)
and (
∂ρ
∂T
)∗
p
=
(
∂2ρ
∂T 2
)
p
/
(
∂ρ
∂T
)
p
(E.11)
Using equation (E.5) (and plenty of algebra) the second derivative of the dielectric
constant with respect to temperature (at constant pressure) is
(
∂2
∂T 2
)
p
=
(
∂2
∂T 2
)
ρ
+
(
∂2
∂ρ ∂T
)[
−2
(
∂p
∂T
)
ρ
(
∂ρ
∂p
)
T
]
+
(
∂2
∂ρ2
)
T
[(
∂p
∂T
)
ρ
(
∂ρ
∂p
)
T
]2
+
(
∂
∂ρ
)
T
[
−
(
∂2p
∂T 2
)
ρ
(
∂ρ
∂p
)
T
+ 2
(
∂p
∂T
)
ρ
(
∂ρ
∂p
)2
T
(
∂2p
∂ρ ∂T
)
−
(
∂p
∂T
)2
ρ
(
∂ρ
∂p
)3
T
(
∂2p
∂ρ2
)
T
]
The final term (in bold) is much more complicated to obtain analytically than the
other terms. This is the only term which relies upon numerical differentiation here
for its calculation.
Equation (E.11) contains the term (∂2ρ/∂T 2)p which has not yet been defined. It
follows from equation (E.6) that
(
∂2ρ
∂T 2
)
p
= −
[(
∂2p
∂T 2
)
ρ
(
∂p
∂ρ
)
T
−
(
∂p
∂T
)
ρ
(
∂2p
∂ρ ∂T
)]
/
(
∂p
∂ρ
)2
T
(E.12)
In terms of the residual Helmholtz function [02WaP], the second derivatives are(
∂2p
∂T 2
)
ρ
= (Rρ/T )δτ 2φrδττ (E.13)
165
and (
∂2p
∂ρ ∂T
)
= R(1 + 2δφrδ + δ
2φrδδ − 2δτφrδτ − δ2τφrδδτ ) (E.14)
The third derivatives of the residual Helmholtz function (denoted in bold above) are
not included in the IAPWS 95 Release [02WaP]. The residual Helmholtz function
is composed of four summations, the first three of which are easily differentiated.
The final summation for the third derivative of interest is
δτ 2φrδττ = · · ·+
56∑
i=55
niδτ
2 ∂
∂δ
[
δ
(
∂2∆bi
∂τ 2
ψ + 2
∂∆bi
∂τ
∂ψ
∂τ
+ ∆bi
∂2ψ
∂τ 2
)]
(E.15)
= · · ·+
56∑
i=55
niδτ
2
[
(. . .) + δ
∂
∂δ
(. . .)
]
(E.16)
The derivative in brackets above evaluates to an expression containing six terms.
However, four of these contain derivatives up to second order only and have been
encountered previously [02WaP]. The other two required terms are
∂3∆bi
∂δ ∂τ 2
= 2bi(bi − 1)∆bi−2∂∆
∂δ
+ 4bi(bi − 1)
(
2θ
∂θ
∂δ
∆bi−2 + θ2(bi − 2)∆bi−3∂∆
∂δ
)
(E.17)
where ∂θ/∂δ = 1
βi(δ−1)Ai[(δ − 1)2]
1
2βi , and
∂3ψ
∂δ ∂τ 2
=
∂
∂δ
[
∂2ψ
∂τ 2
]
= −4CiDi(δ − 1)[2Di(τ − 1)2 − 1]ψ (E.18)
The other third derivative of the Helmholtz function is
δ2τφrδδτ = · · ·+
56∑
i=55
niδ
2τ
∂
∂τ
[
∆bi
(
2
∂ψ
∂δ
+ δ
∂2ψ
∂δ2
)
+ 2
∂∆bi
∂δ
(
ψ + δ
∂ψ
∂δ
)
+
∂2∆bi
∂δ2
δψ
]
(E.19)
As before, when the differentiation is carried out only two third order derivatives
are present. These are
∂3∆bi
∂δ2 ∂τ
= bi [ − 2θ(bi − 1)∆bi−2∂
2∆
∂δ2
+ ∆bi−1
∂
∂τ
(
∂2∆
∂δ2
)
− 2θ(bi − 1)(bi − 2)∆bi−3
(
∂∆
∂δ
)2
+ 2(bi − 1)∆bi−2∂∆
∂δ
∂
∂τ
(
∂∆
∂δ
)]
(E.20)
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and
∂3ψ
∂δ2 ∂τ
=
∂
∂τ
[
∂2ψ
∂δ2
]
= −4CiDi(τ − 1)[2Ci(δ − 1)2 − 1]ψ (E.21)
The bold terms in equation (E.20) are given by
∂2∆
∂δ ∂τ
= −2∂θ
∂δ
= − 1
(δ − 1)Ai
2
βi
[(δ − 1)2] 12βi (E.22)
and
∂3∆
∂δ2 ∂τ
= −2∂
2θ
∂δ2
= −Ai 2
βi
(
1
βi
− 1
)
[(δ − 1)2] 12βi−1 (E.23)
With all of the required terms now defined, the Debye-Hu¨ckel coefficient for heat
capacity, AJ , can be calculated accurately at temperatures and pressures near the
saturation vapour pressure curve of water.
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Literature reference system
The literature reference system employed in this work follows the standard practice
of the Chemical Equilibrium Group at Murdoch University. The excerpt below is
taken from the Group’s handbook.
Our conventional literature reference codes have the format ‘YYZZZn’
where ‘YY’ represents the last two-digits of the year of publication (e.g.
‘98’ for 1998 and ‘00’ for 2000), ‘ZZZ’ represents the family name (or
names) of the author(s) and ‘n’ represents an optional, unique integer.
The first letter of each author’s family name should be taken regard-
less of its case (e.g. van’t Hoff is ‘V’ not ‘H’). With single authors, the
first uppercase letter is followed by two lowercase letters from the family
name. In the case of two authors, use an uppercase letter and a lower-
case letter from the first author and an uppercase letter from the second
author. With three or more authors use uppercase letters from the first
three authors.
For example, the book Electrolyte Solutions by R.A. Robinson and
R.H. Stokes that was published in 1959 would be cited as ‘59RoS2’
(assuming, say, that it was the second work with a code commencing
‘59RoS’ referred to in your document).
In the text, multiple references are delimited by commas between
the ordered codes, e.g. [89Man2, 92MoB, 95FGH]. The reference list
should appear at the end of the document in alphanumeric order com-
mencing with ‘20’. This just means that references before 1920 do not
appear chronologically, a small inconvenience which is outweighed by the
efficiency of this system.
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